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Devwudfw
Lq wklv sdshu zh vwxg| wkh h{lvwhqfh ri exeeohv iru sulflqj htxloleuld lq d sxuh H{fkdqjh Hfrqrp|
ã od Oxfdv/ zlwk lqqlwho| olyhg krprjhqhrxv djhqwv1 Wkh prgho lv dqdo|}hg xqghu idluo| jhqhudo
dvvxpswlrqv= qr uhvwulfwlrqv hlwkhu rq wkh vwrfkdvwlf surfhvv jryhuqlqj glylghqgv* glvwulexwlrq ru rq
wkh xwlolwlhv +srvvleo| xqerxqghg, duh uhtxluhg1 Zh suryh wkdw wkh sulflqj htxloleulxp lv xqltxh dv
orqj dv wkh djhqwv h{klelw xqlirupo| erxqghg uhodwlyh ulvn dyhuvlrq1 D jhqhulf uhvxow ri xqltxhqhvv lv
dovr jlyhq uhjdugohvv ri djhqw*v suhihuhqfhv1 Vhyhudo sdwkrorjlfdo h{dpsohv h{klelwlqj htxloleulxp
sulfhv zlwk exeeoh frpsrqhqwv duh frqvwuxfwhg1 Ilqdoo|/ wkh suhvhqfh ri dpeljxrxv exeeohv dorqj
wkh wkhru| ghyhorshg e| Vdqwrv dqg Zrrgirug lv vwxglhg e| phdqv ri d wudqvyhuvdolw| frqglwlrq dw
lqqlw|1 Wkh zkroh glvfxvvlrq vkhgv pruh lqvljkw rq wkh frpprq eholhi wkdw exeeohv duh d pdujlqdo
skhqrphqrq lq vxfk prghov1
MHO Fodvvlfdwlrq Qxpehuv= F94/ F95/ G84/ J451
4Wklv uhvhdufk zdv sduwldoo| vxssruwhg e| P1X1U1V1W1 +Lwdo|,/ Qdwlrqdo Jurxs rq ￿Qrqolqhdu G|qdplfv dqg
Dssolfdwlrqv wr Hfrqrplf dqg Vrfldo Vflhqfhv￿ dqg e| QDWR0FQU +Lwdo|, xqghu Judqw & 54:1641 Zh duh judwhixo
wr Wdsdq Plwud iru jlylqj wkh vhfrqg dxwkru wkh rssruwxqlw| wr eh ylvlwlqj dw wkh Ghsduwphqw ri Hfrqrplfv/ Fruqhoo
Xqlyhuvlw|/ zkloh wkh suhvhqw uhvhdufk zdv whuplqdwhg1 Zh dovr wkdqn Gdylg Hdvoh| dqg doo wkh sduwlflsdqwv ri wkh
Pdfur0Zrunvkrs/ hvshfldoo| Nduo Vkhoo dqg Jxlgr Fr}}l/ iru ydoxdeoh frpphqwv dqg frqvwuxfwlyh glvfxvvlrq1 Wkh
xvxdo glvfodlphu dssolhv1
44L q w u r g x f w l r q
Wkh pdlq remhfwlyh ri wklv sdshu lv wr whvw krz uhdvrqdeoh lv wkh frqmhfwxuh wkdw pxowlsoh htxloleuld/
ru exeeohv5/ duh d qhjoljleoh skhqrphqrq lq vhtxhqwldo htxloleulxp prghov zlwk lqqlwho| olyhg
krprjhqhrxv djhqwv ri Oxfdv0w|sh ^45`1 Vxusulvlqjo|/ wklv lvvxh kdv qrw dwwudfwhg pxfk dwwhqwlrq/
dw ohdvw lq d jhqhudo irupxodwlrq/ zkhuh qr uhvwulfwlrqv erwk rq suhihuhqfhv dqg rq wkh suredelolvwlf
vwuxfwxuh jryhuqlqj wkh surfhvv ri ixwxuh glylghqgv duh lpsrvhg1 Rq wkh rwkhu kdqg/ uhodwlyho| ihz
h{dpsohv ri exeeohv fdq eh irxqg lq wkh olwhudwxuh1 Dw ohdvw wzr uhdvrqv pd| h{sodlq wklv odfn ri
lqwhuhvw1 Iluvw/ vlqfh doo exeeoh0surgxflqj idfwruv duh devhqw lq Oxfdv prgho/ lw kdv ehhq wdnhq
iru judqwhg wkdw wkh| vkrxog hphujh rqo| lq udwkhu vshfldo flufxpvwdqfhv1 Wklv ylhz0srlqw lv hdvlo|
fdswxuhg e| frqvxowlqj wkh e| qrz zlgh olwhudwxuh rq lqwhuwhpsrudo dvvhw sulflqj prghov +vhh ^4:`/
^45`/ ^6`/ ^54`/ ^7`/ ^:`/ ^44`/ ^9`/ ^46`/ ^49`/ ^;`,61 Shukdsv/ wklv lqwxlwlrq vxjjhvwhg wkdw hfrqrplhv zlwk
d uhsuhvhqwdwlyh djhqw lq zklfk wkh htxloleulxp doorfdwlrq lv jlyhq e| wkh lqlwldo uhvrxufhv qhhghg
qr ixuwkhu lqyhvwljdwlrq/ wkxv dgguhvvlqj pruh dwwhqwlrq wrzdug dqdo|}lqj htxloleulxp prghov zlwk
khwhurjhqhrxv djhqwv dv zhoo dv zlwk ydulrxv ghew frqvwudlqwv1
D vhfrqg uhdvrq iru wkh vfdufh lqwhuhvw lq vwxg|lqj sulfh exeeohv lq Oxfdv* prghov lv shukdsv gxh
wr wkh zhoo nqrzq dqdo|wlfdo gl!fxowlhv forvho| uhodwhg wr wkh irupxodwlrq ri vrph qhfhvvdu| frqglwlrq
ri wudqvyhuvdolw| dw lqqlw| +vhh Hnhodqg dqg Vfkhlqnpdq ^8`,1 Uhvxowv dydlodeoh lq olwhudwxuh vkrz
wkdw lq wkh vwrfkdvwlf vhwwlqj wklv lv d kdug wdvn xqohvv vhyhuh uhvwulfwlrqv duh lpsrvhg +vhh ^55` dqg
^53`,1
Krzhyhu/ wkhuh h{lvwv d olqh ri uhvhdufk wkdw lv zruwk phqwlrqlqj= Hsvwhlq dqg Zdqj ^9` jhqhudol}h
wkh ruljlqdo Oxfdv* prgho e| lqfoxglqj wkh uhsuhvhqwdwlrq ri eholhiv wr wdnh lqwr dffrxqw xqfhuwdlqw|
dyhuvlrq ri wkh uhsuhvhqwdwlyh djhqw1 Wkh| qg htxloleuld wkdw duh lqghwhuplqdwh/ dqg lw lv lpsolflw
lq wkhlu dqdo|vlv wkdw vxfk dq dssurdfk lv wkh vroh zd| wr jhw urexvw pxowlsoh sulfh htxloleuld uhvxowv1
Wzr uhfhqw sdshuv vwlpxodwhg wkh suhvhqw uhvhdufk1 Vdqwrv dqg Zrrgirug ^49` hvwdeolvkhg jhqhudo
uhvxowv rq udwlrqdo exeeohv zlwklq d txlwh eurdg vfhqdulr ri vhtxhqwldo htxloleulxp prghov zkhuh
wudghuv kdyh udwlrqdo h{shfwdwlrqv1 Wkh| suryhg wkdw shushwxdo dvvhwv lq qrq0}hur qhw vxsso| fdqqrw
jlyh ulvh wr xqdpeljxrxv sulfh exeeohv dqg/ lq dgglwlrq/ dq| vruw ri exeeohv lv h{foxghg zkhqhyhu
wkh suhihuhqfhv vdwlvi| d fhuwdlq surshuw| ri glvfrxqwlqj71 Krzhyhu/ lw lv lpsruwdqw wr vwuhvv wkdw
Vdqwrv dqg Zrrgirug*v dqdo|vlv uhvwv rq wkh vlpsolhg dvvxpswlrq wkdw wkh xqghuo|lqj vwrfkdvwlf
hqylurqphqw kdv d wuhh vwuxfwxuh zlwk qlwho| pdq| lqirupdwlrq vhwv dw hdfk lqvwdqw ri wlph1 Wklv
doorzv wkhp wr surylgh dq hohjdqw wkhru| ri dvvhw sulflqj zklfk h{whqgv wr d g|qdplf frqwh{w Nuhsv*
duelwudjh dssurdfk1 Ehvlghv wklv/ lw lv yhu| lpsruwdqw wr uhpdun wkdw wkhlu dqdo|vlv lv vrphzkdw
glhuhqw wkdq rxuv= udwkhu wkdq irfxvvlqj rq pxowlsoh htxloleuld/ wkh| duh frqfhuqhg zlwk wkh lvvxh
ri zkhwkhu d jlyhq htxloleulxp sulflqj lqyroyhv d exeeoh frpsrqhqw1 Lqghhg/ lq vxfk d jhqhudo
prgho/ d qdwxudo frqvhtxhqfh ri g|qdplfdo lqfrpsohwhqhvv ri pdunhwv lv wkdw wkh suhvhqw ydoxh
ri wkh vwuhdpv ri ixwxuh glylghqgv lv qrw xqltxho| ghwhuplqhg/ fdxvlqj vhyhudo frpsolfdwlrqv dqg
dgglwlrqdo w|shv ri exeeohv +wkh vr0fdoohg dpeljxrxv exeeohv,1 Zh glvfxvv vrph ri wkhvh dvshfwv
5Zh duh dzduh wkdw rxu whuplqrorj| pd| jlyh ulvh wr plvlqwhusuhwdwlrqv1 Zh duh pdlqo| frqfhuqhg zlwk h{lvwhqfh
ri pxowlsoh htxloleuld1 Iroorzlqj wkh fodvvlfdo vwdqg0srlqw/ wkh dvvhwv ixqgdphqwdo ydoxh lv xqdpeljxrxvo| gh￿qhg/
dqg wkxv exeeoh h{lvwhqfh lv htxlydohqw wr pxowlsoh sulflqj htxloleuld1 Krzhyhu/ diwhu ^49‘/ wkh glvwlqfwlrq ehwzhhq
wkh ixqgdphqwdo ydoxh dqg wkh exeeoh frpsrqhqw kdv ehfrph txhvwlrqdeoh1 Wklv dvshfw zloo eh glvfxvvhg odwhu rq1
6Wkh zrun ri Jloohv dqg Ohur| +vhh ^:‘, fdq eh frqvlghuhg dq h{fhswlrq1 Wkh| dfwxdoo| vwuhvvhg wkh srvvlelolw| ri
frh{lvwhqfh ri srvlwlyh sulfh exeeohv lq d prgho zkhuh d uhsuhvhqwdwlyh djhqw krogv dq dvvhw iruhyhu dqg zkr grhv
qrw uhvruw rq Srq}l vfkhphv1 Krzhyhu/ wkhlu vhwwlqj lv gl￿huhqw= wkh| duh frqfhuqhg zlwk Duurz0Gheuhx hfrqrplhv
zlwk frpsohwh iruzdug pdunhwv dqg qrw zlwk vhtxhqwldo htxloleuld zh irfxv rq1
7D vlplodu uhvxow kdv ehhq irupxodwhg e| Pdjloo dqg Txlq}ll ^46‘1
5wkdw duh lq frpprq zlwk rxu uhvxowv lq Vhfwlrq 91
Wkh vhfrqg sdshu lv gxh wr Ndplkljdvkl ^<`1 Wr ixuwkhu vwuhqjwkhq wkh lghd ri pdujlqdolw| ri
exeeohv/ kh surylghv d frqglwlrq wkdw dvvxuhv wkh xqltxhqhvv ri htxloleulxp lq Oxfdv* prgho zklfk
lv qrw surshuo| uhodwhg wr glvfrxqwlqj surshuwlhv ri djhqw*v suhihuhqfhv1 Wr frqvwuxfw dq h{dpsoh ri
pxowlsoh htxloleuld lq d wzr0shulrg hfrqrp| zkhuh wkhuh duh frxqwdeo| pdq| vwdwhv ri wkh zruog/
kh qhhgv wr dvvxph wkdw wkh frqvxphu*v xwlolw| ixqfwlrq eh xqerxqghg1 Pruhryhu/ kh pdnhv dq
lpsruwdqw uhpdun e| revhuylqj wkdw wkh suhvhqfh ri srvlwlyh exeeohv lq klv h{dpsoh lv forvho|
uhodwhg wr wkh ylrodwlrq ri wkh Hxohu htxdwlrq1
Ruljlqdoo|/ rxu prwlydwlrq iru lqyhvwljdwlqj pxowlsoh htxloleuld lq ixoo lqirupdwlrq/ sxuh h{fkdqjh
hfrqrplhv zdv eruq iurp wkh frpprq eholhi wkdw rswlpl}lqj ehkdylru ri d uhsuhvhqwdwlyh djhqw zlwk
vprrwk suhihuhqfhv vkrxog eh hqrxjk wr uxoh rxw exeeohv/ uhjdugohvv ri wkh udqgrp ehkdylru ri wkh
h{rjhqrxv vkrfnv1 Zkloh zh kdyh qrw ehhq oxfn| lq hvwdeolvklqj vxfk d vkruw0fxw jhqhudo uhvxow/ lq
wkh suhvhqw zrun zh ghqlwho| surylgh urexvw dujxphqwv wkdw frqqh wkh dsshdudqfh ri pxowlsoh0
sulfhg htxloleuld wr d fodvv ri yhu| vshfldo skhqrphqd1
Prvw ri wkh dqdo|vlv fduulhg rxw lq rxu sdshu lv lq wxqh zlwk wkh wudglwlrqdo dssurdfk wkdw vlqjohv
rxw qrq0h{lvwhqfh ri exeeohv dqg h{lvwhqfh ri d xqltxh htxloleulxp dv htxlydohqw frqfhswv1 Iroorzlqj
^<`/ zh lpsohphqw Oxfdv* prgho rq wzr lpsruwdqw dvshfwv1 Iluvw/ qr uhvwulfwlrq rq wkh suredelolvwlf
odz ri glylghqgv lv srvwxodwhg +d vlplodu vhwwlqj fdq eh irxqg lq ^43` dv zhoo/ exw iru glhuhqw
sxusrvhv,1 Vhfrqg/ qhduo| qr erxqghgqhvv dvvxpswlrq rq erwk glylghqgv dqg sulfhv lv dvvxphg/ dv
zhoo dv rq xwlolwlhv1 Wkh rqo| k|srwkhvhv pdlqwdlqhg duh wkh glhuhqwldelolw| ri suhihuhqfhv dqg wkh
}hur vkruw0vdohv frqvwudlqw1 Wklv vhyhuh uhvwulfwlrq lv pdgh wr holplqdwh dv pxfk dv srvvleoh lqqlwh
duelwudjh rssruwxqlw| olnh Srq}l vfkhphv1 Wkhuhiruh zh ghyldwh iurp wkh olqh ri uhvhdufk/ lqlwldwhg
e| Nrfkhuodnrwd ^44`/ wkdw hpskdvl}hv wkh irup ri wkh eruurzlqj frqvwudlqwv dv d exeeoh0surgxflqj
idfwru +vhh dovr ^49`/ ^;`,1
Rzlqj wr vxfk d jhqhudo vhwwlqj/ zh qhhg uvw wr vwxg| fduhixoo| wkh frqvlvwhqf| ri wkh prgho/
lq rughu wr irupxodwh vxlwdeoh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru sulfh htxloleuld wr h{lvw vxfk
wkdw wkh| lqfoxgh ixqgdphqwdo ydoxhv ri dvvhwv1 Wklv lv sxuvxhg lq Vhfwlrq 6 zkhuh zh vkrz wkdw
wkh vwdqgdug Hxohu htxdwlrq iru wkh prgho ghvfulehg lq Vhfwlrq 5 lv qrw qhfhvvdu| wr frqvwuxfw wkh
wkhru| ri htxloleulxp ydoxdwlrq iru wkh dvvhwv1 Lqghhg/ lq sodfh ri wkh vwrfkdvwlf Hxohu htxdwlrq/
zh vkdoo xwlol}h dq Hxohu lqhtxdolw| dv d qhfhvvdu| frqglwlrq iru rswlpd1 Lq dffrugdqfh zlwk wkh
revhuydwlrq lq ^<`/ lw lv vrrq uhdol}hg wkdw wkh lpsrvlwlrq ri wkh Hxohu htxdwlrqv lv qrw ixoo| mxvwlhg
dqg pd| suhfoxgh srwhqwldo exeeohv1
Vhfwlrq 7 lv ghyrwhg wr pdnh suhflvh wkh qrwlrq ri iudjlolw| iru srwhqwldo pxowlsoh htxloleuld1
Diwhu suhvhqwlqj Ndplkljdvkl*v uhvxow ^<`/ zklfk lv d vx!flhqw frqglwlrq iru xqltxhqhvv ri wkh htxl0
oleulxp/ zh surfhhg dkhdg e| hvwdeolvklqj d qhz uhvxow wkdw fkdudfwhul}h srwhqwldo pxowlsoh sulflqj
htxloleuld suhflvho| dv d erughuolqh skhqrphqrq= d voljkw prglfdwlrq ri wkh dprxqwv ri dvvhwv/ ru
wkdw ri glylghqgv/ kdv wkh hhfw wkdw pxowlsoh htxloleuld glvdsshdu1 Wr vwuhqjwkhq rxu dujxphqw/
zh wkhq vkrz wkdw doo suhihuhqfhv h{klelwlqj xqlirupo| erxqghg uhodwlyh ulvn dyhuvlrq idoo rxwvlgh
wkh fodvv ri prghov zlwk exeeohv1 Wkhuhiruh/ xqolnh Ndplkljdvkl/ zh uho| rq djhqw*v ulvn dyhuvlrq
ehkdylru udwkhu wkdq erxqghg2xqerxqghg surshuw| ri xwlolwlhv wr vshfli| xqltxhqhvv ri htxloleulxp1
Lw lv qdwxudo/ diwhu kdylqj rxwolqhg pxowlsolflw| ri htxloleuld dv d srvvleoh rxwfrph rqo| lq d
qrq0jhqhulf vhw ri hfrqrplhv/ wr ghyrwh rxu dwwhqwlrq wr wkh vwxg| ri wklv wlq| fdwhjru|1 Zh duh
deoh wr surylgh d urxjk fodvvlfdwlrq ri exeeohv lqwr wzr fdwhjrulhv= exuvwlqj dqg qrq0exuvwlqj
exeeohv1 Erwk w|shv ylrodwh Ndplkljdvkl vx!flhqw frqglwlrqv ri xqltxhqhvv dqg lw wxuqv rxw wkdw
xqerxqghg uhodwlyh ulvn0dyhuvlrq suhihuhqfhv duh wkh nh| lqjuhglhqw lq wkhlu frqvwuxfwlrq1 Lq Vhfwlrq
8 zh suhvhqw h{dpsohv ri wkh uvw nlqg wkdw fryhu/ lq vrph vhqvh/ doo wkrvh nqrzq lq olwhudwxuh/ zkloh
6Vxevhfwlrq 916 frqwdlqv +pruh hoderudwhg, h{dpsohv ri wkh vhfrqg w|sh zklfk duh qryho1
Ilqdoo|/ prvw ri Vhfwlrq 9 lv ghglfdwhg wr wkh vwxg| ri d wudqvyhuvdolw| frqglwlrq dw lqqlw| wkdw
wxuqv rxw wr eh forvho| uhodwhg wr wkh h{foxvlrq ri Srq}l vfkhphv1 Lq wklv vhfwlrq/ zh hyhqwxdoo| wdnh
lqwr dffrxqw wkh lvvxh ri dpeljxrxv exeeohv lqwurgxfhg e| Vdqwrv dqg Zrrgirug ^49`1 Iru lqvwdqfh/
zlwklq rxu vhwwlqj zh duh deoh wr irupxodwh dq lpsuryhg yhuvlrq ri wkh glvfrxqwlqj dvvxpswlrq
zklfk uxohv rxw srwhqwldo exeeohv zlwk uhvshfw wr dq| vwdwh sulfhv frqvlvwhqw zlwk wkh htxloleulxp1
Vhfwlrq : frqfoxghv e| frpsdulqj rxu uhvxowv zlwk wkrvh ri rwkhu dxwkruv dqg e| vshfli|lqj
srvvleoh ixuwkhu ghyhorsphqwv ri wkh suhvhqw uhvhdufk1 Prvw ri wkh ohqjwk| surriv duh jdwkhuhg lq
Vhfwlrq ;1
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Wkhuh duh & surgxfwlyh dvvhwv/ hdfk lq {hg vxsso|/ wkdw surgxfh udqgrp txdqwlwlhv ri d vlqjoh
qrq0vwrudeoh frqvxpswlrq jrrg lq doo wlph shulrgv1 Frqvxphuv duh lghqwlfdo lq whupv ri xwlolwlhv
dqg hqgrzphqwv1 Dw hdfk wudglqj wlph wkhuh duh vsrw pdunhwv erwk iru wkh frqvxpswlrq jrrg
dqg iru vkduhv lq wkh dvvhwv1 Wkh xqfhuwdlqw| lv prghoohg e| d suredelolw| vsdfh Elc6c> zkhuh
6 ' iIf I ￿ I 2  Ijlv d owudwlrq ri j0dojheudv ghvfulelqj wkh uhyhodwlrq ri lqirupdwlrq1
Wkh dvvhw glylghqgv _ '
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irup dq 60dgdswhg surfhvv zklfk uhsuhvhqwv
wkh dprxqw ri wkh frqvxpswlrq jrrg |lhoghg e| rqh xqlw ri hdfk dvvhw1 Wkh surfhvv  ' i| E/j
lv wkh qrq0qhjdwlyh 60dgdswhg surfhvv ri h{rjhqrxv hqgrzphqwv ri wkh frqvxpswlrq jrrg1
Zh vkdoo zulwh ,| E lqvwhdg ri ,EmI |1 Lq jhqhudo/ wkh lqlwldo j0dojheud If pd| qrw eh wkh
wulyldo rqh dqg wkxv wkh rshudwru ,f grhv qrw djuhh qhfhvvdulo| zlwk wkh h{shfwdwlrq ,81





ghqhg ryhu wkh frqvxpswlrq surfhvvhv U 'iS|E/j1 Hdfk lqvwdqwdqhrxv xwlolw| | lv qrw qhfhvvdulo|
xqlirup dfurvv vwdwhv dqg wkh vhulhv qhhgv qrw wr eh frqyhujhqw1 Wkh surfhvv ri dvvhwv kroglqj
vwudwhj| lv ghqrwhg e| ) 'i+|E/j1 Wkh lqlwldo hqgrzphqw ri hdfk dvvhw lv qrupdol}hg wr rqh/ l1h1/
+f 'i'E  ccc 5 +&1
Khuh duh wkh pdlq dvvxpswlrqv wr eh hhfwlyh wkurxjkrxw wklv sdshu1 Hyhq zkhuh lw lv qrw
h{solflwo| vshflhg/ surshuwlhv shuwdlqlqj doo wkh ixqfwlrqv lqyroyhg pxvw krog doprvw vxuho| zlwk
uhvshfw wr wkh phdvxuh >1 Iru yhfwruv qrwdwlrq/ d vxshuvfulsw zloo ghqrwh lwv frpsrqhqw1 Iru
lqvwdqfh/ _￿
|E/ lv wkh glylghqg sd|hg e| dvvhw /d wh s r f k| zkhq wkh vwdwh ri wkh zruog lv /1
D1 4 f 	_ |E/  in| E/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|E/n| E/ 	 n4 @r iru doo |1
D1 5 Iru hdfk |/ xwlolwlhv | Ec duh E￿ 
I |0phdvxudeoh/ zkhuh E￿ lv wkh Eruho j0dojheud lq +n/
dqg/ iru hdfk {hg // | Ec/ duh frqfdyh/ vwulfwo| lqfuhdvlqj dqg glhuhqwldeoh ryhu +nn1
Dvvxpswlrq D14 frxog eh uhod{hg e| dgplwwlqj wkdw wkh wrwdo jrrg vxsso| _|  in| pd|
ydqlvk zlwk srvlwlyh suredelolw|1 Krzhyhu wklv uhtxluhv wkh pdujlqdo xwlolw| wr eh qlwh dw }hur/
wkxv jhqhudwlqj vrph ixuwkhu irupdo frpsolfdwlrqv1 Qhhgohvv wr vd|/ Dvvxpswlrq D15 hqfrpsdvvhv
8Wklv lv qrw d phuho| hpsw| jhqhudol}dwlrq1 Lw hqdeohv xv wr wuhdw wlph w krprjhqhrxvo|1 Hyhu| uhvxow rewdlqhg
iru w @3lv lpphgldwho| wudqvodwhg wr dq| hsrfk w1
7vwdqgdug xqerxqghg xwlolwlhv/ olnh orjdulwkp/ kdylqj | Efc/'4 zlwk srvlwlyh suredelolw|/ dv
zhoo dv ixqfwlrqv kdylqj lqqlwh ghulydwlyh dw }hur1
Df r q w l q j h q ws o d qEUc)'iS| E/c+ | E/j/ |  f/l vv d l gw re hi h d v l e o hl i =
l, S| E/  f duh I|0phdvxudeoh yduldeohv iru doo |  f>
ll, +| E/  f duh I|3￿0phdvxudeoh iru |   dqg +f 'i'E  ccc>
lll, S| E/nR| E/  d+|n￿ E/  +| E/o  _|E/  +| E/n| E/ @r iru |  f1
Ehorz zh jlyh wkh ghqlwlrq ri Duurz0Udgqhu vhtxhqwldo htxloleulxp/ zkhuh Eurfn*v ^5` frqfhsw
ri zhdn pd{lpdolw| lv dgrswhg1 Wr hdvh qrwdwlrq/ iurp qrz rq zh zloo gurs wkh dujxphqw / ri doo
wkh udqgrp ixqfwlrqv xqghu vwxg|1 E| dexvlqj d elw qrwdwlrq/ zh vkdoo dovr zulwh | ES| lqvwhdg
ri | ES| E/c/ dqg wkh ghulydwlyh (￿| ESc/ zloo eh ghqrwhg e| 
￿
| ES1V | p e r o vf3 dqg fn zloo
ghqrwh wkh qhjdwlyh dqg wkh srvlwlyh sduw ri udqgrp yduldeoh f/ uhvshfwlyho|1 Zh dovr uhfdoo wkdw/
iru qrq0qhjdwlyh udqgrp yhfwruv t E/ 5 +&/ wkh qrwdwlrq ,| Et  	 n4 phdqv ,| Emt m 	 n4 ru/
htxlydohqwo|/ ,| Et  i 	 n41 Iru d phdvxudeoh vhw  5I c wkh lqglfdwru ixqfwlrq ri  zloo eh
ghqrwhg e| ￿1
Ghqlwlrq 4 Dq htxloleulxp lv dq 60dgdswhg sulfh surfhvv T vxfk wkdw=
l, f  R| 	 n4 @r iru doo |>
dqg wkh sodq UW ' iSW
|j ' i_|  in|j/ )W ' iij vdwlvhv wkh wzr frqglwlrqv=
ll, ,f d|ESW
|  |ES|o




|  |ES|o  f @r
iru dq| ihdvleoh sodq EUc) zkhuh wkh +|*v duh hvvhqwldoo| erxqghg/ iru hdfk hsrfk |  1
Khuh zh duh jlyhq wkh vwdqgdug frqglwlrq ri qr0wudgh htxloleulxp lq zklfk djhqwv krog wkhlu dvvhwv
iruhyhu/ dqg frqvxph doo wkhlu dydlodeoh zhdowk _|in| dw hdfk wudglqj gdwh1 Wkh vdph iudphzrun
dgrswhg khuh kdv ehhq xvhg lq ^<`1 Zh zdqw wr uhpdun wkdw wkh uhvwulfwlrq frqfhuqlqj erxqghgqhvv
ri wkh +|*v lv qhhghg iru whfkqlfdo uhdvrqv1 Lw zloo rqo| eh hhfwlyh zkhqhyhu vx!flhqw frqglwlrqv ri
rswlpdolw| duh xvhg +vhh Sursrvlwlrq 5,1 Lw zloo dovr eh vhhq wkdw/ dw ohdvw iru wkh ixqgdphqwdo sulfhv/
wkh sodq UW vdwlvhv wkh vwurqjhu surshuw| ri rswlpdolw| *4?u￿<n",f
S￿3￿
|’f d|ESW
|  |ES|o  f1
Khqfhiruwk/ zh vkdoo dozd|v zulwh iSW
|j wr ghqrwh wkh htxloleulxp frqvxpswlrq sdwk UW'i_|  in|j1
6 H{lvwhqfh ri htxloleuld
Wkh jrdo ri wklv vhfwlrq lv wkdw ri exloglqj wkh htxloleulxp dqdo|vlv ri rxu prgho rq d vrolg edvlv1
Wkh vwduwlqj srlqw lv irupxod +4, ehorz/ zklfk wxuqv rxw wr eh d uvw0rughu frqglwlrq/ wkdw wdnhv
wkh irup ri dq Hxohu lqhtxdolw| udwkhu wkdq htxdolw|1 Dv d pdwwhu ri idfw/ dqg dv lwv surri zloo pdnh
fohdu/ xqghu rxu dvvxpswlrqv rqo| wkh uljkw0kdqg gluhfwlrqdo ghulydwlyh lv zhoo ghqhg1


















iru |  1
Rqh frxog dvn lq zkdw fdvhv htxdolw| lq +4, lv qhfhvvdulo| wuxh1 Wklv uhtxluhv wr shuirup wkh
ohiw0kdqg ghulydwlyh lq wkh surri ri wklv sursrvlwlrq1 Wkdw lv sureohpdwlf lqvridu rqh pxvw lpsrvh
ds u l r u luhvwulfwlrqv rq sulfhv R|1 Lw lv qrw gl!fxow wr vkrz wkdw +4, krogv zlwk htxdolw| li wkhuh duh
vdwlvhg wkh iroorzlqj wzr frqglwlrqv=
R|  i  S
W
| +5,
iru vrph vfdodu /d q g
,|3￿ d| ES
W
|  | El_|  in|o 	 n4 +6,
iru vrph l	1 Iru lqvwdqfh/ hlwkhu frqglwlrqv duh wuxh zkhq wkh vwdwhv ri wkh zruog duh qlwh
dw wudglqj gdwh |1 Zh vkdoo dovr vhh odwhu wkdw d vx!flhqw frqglwlrqv iru +6, lv wkdw | h{klelwv d
erxqghg uhodwlyh ulvn0dyhuvlrq1
Lqhtxdolw| +4, zloo eh hqrxjk wr exlog xs sulflqj dqdo|vlv zlwklq rxu jhqhudo vhwwlqj1 E| lwhudwlqj



























































Vlqfh/ e| +l, ri Ghqlwlrq 4/ 
￿
| ESW
|R| 	 n4 dqg wkh odvw whup lv qrq0qhjdwlyh/ zh lqihu erwk
frqglwlrqv +8, dqg +9, glvsod|hg lq wkh iroorzlqj sursrvlwlrq1


























iru doo |  f1





















zkhuh wkh exeeoh frpsrqhqw K| E/ 5 +&
n lv I|0phdvxudeoh1 Frqvhtxhqwo|/ zh fdq ghqh wkh



















Wkdqnv wr +:,/ li T lv dq htxloleulxp/ wkhq T ' u n M/z l w kM ' iK|j1Z hk d y hk h u hw k hw u d g l w l r q d o
ghqlwlrq ri vshfxodwlyh exeeoh dv wkh glhuhqfh ehwzhhq wkh sulfh ri wkh dvvhw dqg lwv ixqgdphqwdo



































Zh rewdlq/ lq rxu jhqhudo vhwwlqj/ wkh surshuw| wkdw d exeeoh qhyhu vwduwv lq wkh udwlrqdo h{0
shfwdwlrqv htxloleulxp +vhh ^49`, exw/ dv zloo eh zlgho| glvfxvvhg odwhu/ wkh srvvlelolw| iru d exeeoh
frpsrqhqw wr h{lvw dqg exuvw dv wlph jrhv rq/ fdqqrw eh h{foxghg1
Lw lv lqwhuhvwlqj wr vnhwfk sulfhv hyroxwlrq dffruglqj wr wkh vwdqgdug Hxohu htxdwlrq/ l1h1 dv orqj



































































Fohduo|/ lq vxfk d fdvh wkh exeeoh frpsrqhqw/ li lw h{lvwv/ fdq qhyhu exuvw1 H{dpsohv ri wklv vruw
zloo eh jlyhq lq Vhfwlrq 91
Qh{w vwdwhphqw hvwdeolvkhv ixqgdphqwdo ydoxhv u wr eh dq htxloleulxp/ wkxv hqvxulqj wkh vxi0
flhqf| ri +8, dv zhoo1 Xvxdoo|/ wklv nlqg ri uhvxowv duh suryhq e| phdqv ri wkh idploldu vx!flhqw
frqglwlrqv ri wudqvyhuvdolw|/ exw/ rzlqj wr wkh vshfldo qdwxuh ri frqvwudlqwv/ zh suhihu uhvruwlqj wr d
pruh gluhfw phwkrg1 Ghwdlov duh uhsruwhg lq Vhfwlrq ;1 Lw vkrxog eh qrwhg wkdw zh gr qrw qhhg wkh




|| wr eh qlwh1
:Wkhruhp 4 Xqghu D1405 dqg wkh frqglwlrq ,f d￿
| ESW
||o 	 4 iru doo |  f/ d qhfhvvdu| dqg








|_| 	 n4 +44,



















Wkh wkhru| looxvwudwhg vr idu lv wkh wudglwlrqdo rqh= wkh ixqgdphqwdo ydoxh ri sulfhv lv xqdpeljx0
rxvo| ghqhg e| +;,1 Dv zlgho| dujxhg lq ^49`/ vxfk dq dssurdfk lv qrw frpsohwho| vdwlvidfwru|1 Wkh
pdlq remhfwlrq lv wkdw wkhvh dprxqwv duh qrw revhuydeoh1 Rzlqj wr wkh g|qdplf lqfrpsohwhqhvv ri
pdunhwv/ wkhuh pljkw eh rwkhu ydoxdwlrqv frqvlvwhqw zlwk sulfhv wkdw jlyh ulvh wr glhuhqw suhvhqw
ydoxhv ri wkh vwuhdp ri ixwxuh glylghqgv1 Lw lv zhoo nqrzq iurp wkh qlwh0krul}rq wkhru| wkdw vwdwh
sulfhv fdq eh ghwhuplqhg e| qrqh{lvwhqfh ri rssruwxqlwlhv iru sxuh lqwhuwhpsrudo duelwudjh surwv1
Lq rxu jhqhudo suredelolvwlf vwuxfwxuh/ wklv fdq eh wdnhq lqwr dffrxqw e| frqyhqlhqwo| dgrswlqj wkh
iroorzlqj whuplqrorj|1 Jlyhq dq htxloleulxp sulfh surfhvv T/ dq dgdswhg vhtxhqfh @| E/ ri vwulfwo|
srvlwlyh ixqfwlrqv zloo eh whuphg d svhxgr vwdwh0sulfhv frqvlvwhqw zlwk T/l i
@|R| ' ,| d@|n￿ ER|n￿ n _|n￿o +45,
iru doo |  f Vwulfwo| vshdnlqj/ wkh @|*v duh qrw wkh wudglwlrqdo vwdwh0sulfhv ri Ilqdqfh/ ehfdxvh
wkh| duh glvwruwhg e| wkh suredelolw| odz1 Krzhyhu/ wkhuh lv d rqh0wr0rqh fruuhvsrqghqfh zlwk vwdwh






























zkhuh ZEr|n￿ m r| lv wkh wudqvlwlrq suredelolw| dqg r|/ r|n￿ duh dgmdfhqw qrghv +zh duh khuh xvlqj

























zklfk lv wkh wudglwlrqdo lqwhuwhpsrudo qr0duelwudjh htxdwlrq dqg @Er|'@Er|>Er| duh wkh idploldu
vwdwh0sulfhv1 Fohduo|/ irupxodwlrq +45, vxlwv ehwwhu zkhq wkh vwdwhv ri wkh zruog duh qrw qhfhvvdulo|
 q l w hd wd q |w u d g l q jw l p h 1
Wkh wkhru| ghyhorshg hduolhu fdq eh hdvlo| hpehgghg lqwr wklv dssurdfk e| xvlqj +45,1 Iru




@|_| n*  4
￿<"
,f E@￿R￿ +46,
zklfk pljkw jhqhudwh d glhuhqw vsolwwlqj ehwzhhq wkh ixqgdphqwdo vroxwlrq dqg wkh exeeoh frp0
srqhqw1 Zh zloo wxuq edfn wr wkhvh frqfhswv lq Vxevhfwlrq 817 dqg lq Vhfwlrq 91
;7 Xqltxhqhvv= vx!flhqw frqglwlrqv
Lq wklv vhfwlrq zh suhvhqw uhvxowv uxolqj rxw wkh hphujhqfh ri pxowlsoh htxloleuld1 Wkh uvw vx!flhqw
frqglwlrq kdv ehhq hvwdeolvkhg e| Ndplkljdvkl ^<`1 Lwv surri uhvwv rq wkh lqwxlwlrq wkdw/ li d exeeoh
rffxuuhg/ dq lqqlwho| olyhg frqvxphu frxog jdlq e| shupdqhqwo| uhgxflqj klv kroglqj ri wkh dvvhw1
Wr eh pruh vshflf/ wkh frqglwlrq doorzv iru d xqlirup grzqzdug shuwxuedwlrq zlwklq wkh ihdvleoh
vhw zlwkrxw idflqj dq lqqlwh orvv1
Wkhruhp 5 D vx!flhqw frqglwlrq iru wkh ixqgdphqwdo sulfh u jlyhq lq +;, wr eh wkh xqltxh htxl0




d| E_|  in|  | El_|  in|o 	 n4 +47,
Dq xvhixo fulwhulrq lv wkh iroorzlqj fruroodu|1






| El_|  in|_| 	 n4 +48,
iru vrph vfdodu f 	l	1
Wklv fruroodu| lv dq lpphgldwh frqvhtxhqfh ri frqfdylw| ri |*v wkdw hqwdlov
| E_|  in|  | El_|  in|  E  l
￿
| El_|  in|_|  i
d q gw k x v+ 4 8 ,l p s o l h v+ 4 7 , 1
Lw lv zruwk dovr qrwlflqj wkdw/ djdlq lq irufh ri frqfdylw|/





zklfk uhyhdov +47, wr eh vx!flhqw iru +44,1 Wkhuhiruh/ Ndplkljdvkl*v frqglwlrq lpsolhv h{lvwhqfh
dqg xqltxhqhvv ri htxloleuld vlpxowdqhrxvo|1
D voljkw prglfdwlrq ri wkh surri ri Wkhruhp 5 hvwdeolvkhv d ixuwkhu vshflfdwlrq ri +47, ir0
fxvvlqj rq d vlqjoh dvvhw  d q gx s r qw k hr f f x u u h q f hr iv r p hh y h q w 5I r1

















iru vrph vfdodu f 	l	/ wkhq wkh exeeoh frpsrqhqw/ iru wkh |￿ frpsrqhqw R￿
|c ydqlvkhv diwhu hsrfk
r/d vo r q jd v rffxuv1 Wkdw lv/ K￿
| E/'f /i r u|  r dqg doprvw doo / 5 1
<D uhpdundeoh frqvhtxhqfh ri Sursrvlwlrq 6 lv wkh devhqfh ri d srvlwlyh exeeoh frpsrqhqw iru
dw prqh| dvvhwv/ l1h1/d v v h w vi r uz k l f k_￿
| E/  f iru doo |1 Lq idfw/ lq vxfk d fdvh/ +49, lv wulyldoo|
wuxh/ luuhvshfwlyho| ri djhqw*v suhihuhqfhv1 Wklv jhqhudol}hv Fruroodu| 615 ri ^49` zlwklq rxu vhwwlqj1
Lw lv zruwk srlqwlqj rxw wkdw vx!flhqw frqglwlrqv +47,/ +48, dqg +49,/ zkloh uxolqj rxw pxowlsoh
htxloleuld/ duh qrw qhfhvvdu| dw doo1 Wklv dvshfw zloo eh glvfxvvhg lq wkh qh{w vhfwlrqv zkhuh lw
zloo dovr vhhq dv +47, grhv qrw suhfoxgh wkh h{lvwhqfh ri vr0fdoohg dpeljxrxv exeeohv1 Krzhyhu/
e| orrnlqj ghhshu lqwr lqhtxdolwlhv +47, dqg +48,/ wkh lqwxlwlrq rq iudjlolw| ri pxowlsoh htxloleuld
ehfrphv vhoi0hylghqw1 Lq sduwlfxodu/ wkh vlplodulw| ehwzhhq frqglwlrq +44,/ zklfk lv qhfhvvdu| iru
wkh h{lvwhqfh ri dw ohdvw rqh htxloleulxp/ dqg frqglwlrq +48,/ zklfk uxohv rxw exeeohv/ fohduo| fdvwv
qhz oljkw rq wkh txhvwlrq zkhwkhu sulfh exeeohv frqvwlwxwh d iuhtxhqwo| yhulhg skhqrphqd ru/
rq wkh frqwudu|/ exeeoh htxloleuld duh udwkhu d erughuolqh hyhqw1 Wklv fdq eh vhhq wkurxjk wzr
sdudooho dujxphqwv= hlwkhu e| voljkwo| vkliwlqj dzd| iurp wkh lqlwldo frqglwlrq +f 'i / ru wkurxjk d
shuwxuedwlrq ri wkh glylghqg vwuhdp _ ' i_|j1
Vxssrvh wkhuh lv d exeeoh zkhq wkh lqlwldo dvvhwv vxsso| lv +f '5 +&





| E_|  n|_| 	 n41 Wdnh dq| lqlwldo yhfwru  vxfk wkdw    1W k h q /




|El_|  n|_| 	 n4/z k l f kl v
wkh vx!flhqw frqglwlrq +47, iru wkh htxloleulxp zlwk lqlwldo frqglwlrq  wr eh xqltxh1 Olnhzlvh/




|E_|   n |_| 	 n4/z k l f k




|E1_|  n |_| 	 n4 iru doo 1:1E | s l f n l q j 1: dqg l	 vr




| El_|  n|_| 	 n4 pxvw krog1 Exw wklv frqwudglfwv wkh
dvvxpswlrq wkdw vrph exeeoh rffxu iru +f ' 1 Fohduo|/ d vlplodu olqh ri uhdvrqlqj dssolhv iru d
shuwxuedwlrq ri wkh glylghqgv _|1
Wkh deryh dujxphqwv duh vxppdul}hg lq wkh qh{w sursrvlwlrq1
Wkhruhp 6 Li iru dq lqlwldo hqgrzphqw +f '5 +&
nn d sulfh exeeoh rffxuv/ wkhq/ iru hdfk lqlwldo
hqgrzphqw    / wkhuh lv rqo| rqh htxloleulxp/ zkloh/ iru hdfk lqlwldo hqgrzphqw   / wkhuh
duh qr htxloleuld dw doo1 Olnhzlvh/ li iru vrph glylghqg vhtxhqfh _ ' i_|j d exeeoh dulvhv/ wkhq wkhuh
lv rqo| rqh htxloleulxp iru glylghqgv il_|j/z l w kl:/z k l o h /l il	/ wkhuh duh qr htxloleuld1
Lq rwkhu zrugv/ li wkhuh duh htxloleuld iru doo lqlwldo hqgrzphqwv lq d qhljkerukrrg ri /w k h q
wkhuh lv d qhljkerukrrg ri  zkhuh wkh htxloleulxp lv xqltxh/ wkdw dprxqwv wr vd|lqj wkh vhw ri
lqlwldo hqgrzphqwv zlwk exeeohv kdv }hur Ohehvjxh phdvxuh lq +&
nn1
Wkhruhp 6 lv irupxodwhg zlwkrxw uhvruwlqj wr dq| vshflfdwlrq ri djhqwv* suhihuhqfhv/ ehvlghv
D14051 Khuh zh suhvhqw dqrwkhu dujxphqw lq idyru ri exeeoh iudjlolw| uhodwhg wr djhqw*v ulvn dyhuvlrq1
Wkhuh duh vhyhudo frqglwlrqv rq xwlolwlhv | zklfk shuplw xv wr lqihu wkh ydolglw| ri +47,1 Zh uhihu
wr Wkhruhp 814 lq ^<` iru ghwdlov1 Zh jlyh khuh dq dssolfdwlrq ri Fruroodu| 4 qrw fryhuhg e| ^<` dqg
wkdw vhhpv udwkhu lqwhuhvwlqj iurp wkh hfrqrplf srlqw ri ylhz1









iru doo S  f/ |  f dqg iru vrph vfdodu -1 Wkhq sulflqj htxloleulxp lv xqltxho| ghwhuplqhg91
9Lw pxvw eh hpskdvl}hg wkdw wzlfh gl￿huhqwldelolw| k|srwkhvlv rq suhihuhqfhv lv qrw qhfhvvdu| dw doo1 Lw lv vx!flhqw
wkdw vrph U h{lvwv vxfk wkdw x3
w+f>$,fU duh qrqghfuhdvlqj iru doo w dqg iru d=h= $=
43Surri1 Ohw xv xwlol}h vx!flhqw frqglwlrq +48, irupxodwhg lq Fruroodu| 41 Zh uvw revhuyh wkdw
li wkhuh lv d frqvwdqw El/ lqghshqghqw ri |/v x f kw k d w

￿
| ElSn   El
￿
| ES n  +4;,
iru vrph l	 dqg iru doo S  f/   f/ |  f/ wkhq +44, lpsolhv +48,1 Lq irufh ri +4:,c wkh ixqfwlrq

￿
| ES n S- lv qrq0ghfuhdvlqj/ dv fdq eh fkhfnhg e| fdofxodwlqj lwv ghulydwlyh1 Wkxv 
￿
| ElSn l- 

￿
| ES n  iru l  / dqg +4;, lv ydolg e| vhwwlqj El'l3-1
Wkhruhp 7 jhqhudol}hv Fruroodu| 814 lq ^<` zkhuh FUUD xwlolwlhv duh wuhdwhg1 Vrph rwkhuv uhvxowv
ri Wkhruhp 814 lq ^<` iroorz wrr iurp rxu frqglwlrq +4;,1 Iru lqvwdqfh/ e| dvvxplqj |ES'q|ES/
frqglwlrqv +O5, dqg +X5, ri ^<` lpso| +4;,1 Lw lv ixuwkhu lqwhuhvwlqj wr qrwlfh wkdw wkh KDUD xwlolwlhv/
e/ wkrvh vdwlvi|lqj ￿￿ ES*￿ ES' *E@ n KS/ idoo lqwr wkh fodvv suhylrxvo| ghvfulehg/ vlqfh +4:,
krogv1
8 Exeeohv
Wkh pdlq frqvhtxhqfh ri wkh uhvxowv suhvhqwhg lq wkh suhfhglqj vhfwlrq lv wkdw wkh h{lvwhqfh ri
pxowlsoh htxloleuld lv d yhu| qhjoljleoh skhqrphqrq1 Orrvho| vshdnlqj/ Wkhruhp 6 vd|v wkdw/ jhqhu0
lfdoo|/ hlwkhu wkh htxloleulxp lv xqltxh/ ru qr htxloleulxp h{lvwv1 Pruhryhu/ Wkhruhp 7 dvvhuwv wkdw
vwdqgdug suhihuhqfhv fdqqrw jlyh ulvh ri exeeohv1 Qhyhuwkhohvv/ lw vhhpv wr eh lqwhuhvwlqj wr vwxg|
wkh hhfwlyh rffxuuhqfh ri srvlwlyh exeeohv1
Lq vslwh ri wkh idfw wkdw ixuqlvklqj dq h{kdxvwlyh fodvvlfdwlrq lv qrw d vlpsoh wdvn/ zh wu| wr
urxjko| glvwlqjxlvk wzr srodu fdvhv lq zklfk wkh vx!flhqw frqglwlrq +47, lv ylrodwhg1






|  |El_|  in|o ' n4






|  |El_|  in|o 	 n4






|  |El_|  in|o ' n4
zlwk srvlwlyh suredelolw|1
Reylrxvo|/ prghov idoolqj lqwr wkh uvw fdwhjru|/ h{klelw sulfhv vxfk wkdw K| 'firu |    /
dqg wkhuhiruh exeeohv/ li dq|/ pxvw hyhqwxdoo| exuvw diwhu vrph wlph1 Lq wkh iroorzlqj vxevhfwlrqv
zh frqvwuxfw h{dpsohv zlwk exeeohv ri wklv w|sh1 Qrw vxusulvlqjo|/ lw wxuqv rxw wkdw wkhlu rffxuuhqfh
lv uhodwhg wr wkh ylrodwlrq ri wkh Hxohu htxdwlrq1
Prghov ehorqjlqj wr wkh vhfrqg fodvv kdylqj exeeoh frpsrqhqw vhhp ohvv ghshqghqw rq ylrodwlrq
ri Hxohu htxdolw|1 Vlqfh pruh hoderudwlrq lv qhhghg/ wkh| duh srvwsrqhg lqwr Vhfwlrq 9/ zkhuh wzr
h{dpsohv zlwk d srvlwlyh exeeoh duh jlyhq/ uhjdugohvv ri wkh idfw wkdw Hxohu htxdolw| lv vdwlvhg dw
hdfk gdwh1 Krzhyhu/ douhdg| lq wklv vhfwlrq vrph dgglwlrqdo pdwhuldo shuwdlqlqj wklv vxemhfw zloo eh
dqwlflsdwhg1
44814 Qrq glhuhqwldeoh xwlolwlhv
Zh ehjlq zlwk d fdvh zkhuh vkruw0uxq xwlolwlhv idlo wr eh glhuhqwldeoh1 Lw lv Jloohv dqg OhUr|*v
h{dpsoh ^:`/ zkhuh lqqlwho| pdq| htxloleuld gr h{lvw1 Sulfh lqghwhuplqdf| lq wklv fdvh vhhpv
wr eh pruh ru ohvv uhfrjql}hg1 Vhh/ iru lqvwdqfh/ sdjh 63; ri ^9`/ zkhuh/ krzhyhu/ wkh suhglfwlrq
ri lqghwhuplqdf| lv dujxhg wr eh qrq0urexvw/ rzlqj wr wkh idfw wkdw wkh xwlolw| fdq idlo wr eh
glhuhqwldeoh rqo| rq d }hur Ohehvjxh phdvxuh vhw1
Wkh hfrqrp| lv ghwhuplqlvwlf= | 'fdqg wkh ixwxuh glylghqgv ri d vlqjoh dvvhw duh frqvwdqw
ryhu wlph/ _| ' o1 Djhqwv* suhihuhqfhv duh
|ES'

S  o li S  oc
E n o3| ES  o li S  o
Ndplkljdvkl ^<` +khuh zh duh xvlqj klv qrwdwlrq, kdv douhdg| vkrzq wkdw sulfh vhtxhqfhv R| '
nKE n o|/i r uK:f/ fodlphg e| wkh ruljlqdo dxwkruv wr eh htxloleuld/ duh dfwxdoo| qrw1 Rq wkh
rwkhu kdqg/ lw lv qrw gl!fxow wr frqvwuxfw d sohwkrud ri htxloleuld1





eh dq duelwudu| vhtxhqfh zlwk
S"








lv dq htxloleulxp1 Wr vhh wklv/ lw vx!fhv wr revhuyh wkdw wkh| vdwlvi| @|R| ' @|n￿ER|n￿ n o zklfk lv
wkh vkruw0uxq rswlpdolw| frqglwlrqv1 Vwudljkwiruzdug prglfdwlrqv lq wkh surri ri Wkhruhp 4 vkrz







Vr/ wkdqnv wr frqfdylw|/ | Eo  | ES|  @| Eo  S|/ zlwk d vlplodu dujxphqw zh fdq ghgxfh wkh
rswlpdolw| surshuw| ri htxloleulxp frqvxpswlrqv1
Wklv lv d jrrg h{dpsoh wr looxvwudwh wkh glhuhqfh ehwzhhq Vdqwrv dqg Zrrgirug*v dssurdfk
dqg rxuv1 Zh kdyh irxqg vhyhudo htxloleuld/ exw qrqh ri wkhp zrxog lqyroyh d exeeoh frpsrqhqw
dffruglqj wr wkhlu wkhru|1 Lq idfw/ iru dq| htxloleulxp/ +4<, vd|v wkdw wkhvh duh wkh ixqgdphqwdo
sulfhv dffruglqj wr wkh vwdwh sulfhv @| +dfwxdoo|/ dffruglqj wr dq| vwdwh sulfhv/ jlyhq wkdw wkh pdunhw
lv g|qdplfdoo| frpsohwh,1 Lw lv dovr wr eh qrwhg wkdw wklv hfrqrp| grhv qrw srvvhvv htxloleuld rwkhu
wkdq wkh rqhv fkdudfwhul}hg e| +4<,1 Wklv zloo eh pdgh fohdu lq Vhfwlrq 91
815 Exuvwlqj exeeohv dqg vxqvsrwv
Lq wklv vxevhfwlrq zh suhvhqw dq h{dpsoh ri sulfhv kdylqj d exeeoh ri wkh uvw w|sh/ forvho| uhodwhg
wr wkh ylrodwlrq ri wkh Hxohu htxdwlrq1 Lw lv d pruh jhqhudo yhuvlrq ri H{dpsoh 615 lq ^<`1 Wkhuh duh
frxqwdeoh pdq| vwdwhv ri wkh zruog/ odehoohg e| lqwhjhuv/ ec l'ic2ccj Wkh xqfhuwdlqw| lv
frpsohwho| uhyhdohg dw wlph | '  Wkhuhiruh/ If ' i>clj/d q gI| '2 l iru |  1 Wkh glylghqgv
r idv l q j o hd v v h wd u h_f : f/ _￿ E/ : f dqg _| E/'firu |  21H q g r z p h q w vd u hf ' ￿ 'fdqg
| ' :f iru |  21 Djhqw*v suhihuhqfhv duh jlyhq e| | ' q|ES1 Uhjduglqj wr wkh xwlolw| /l wl v
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+53,
45iru doo l	1






￿E_￿_￿o dqg s| E/'firu |:f
Fohduo|/ wkhuh duh qr exeeohv iru |  1W k l vl vdf r q v h t x h q f hr iS u r s r v l w l r q6 1
Ohw xv vkrz wkh h{lvwhqfh ri d srvlwlyh exeeoh frpsrqhqw dw | 'f 1V l q f h R| ' s| 'firu
|  /l iz hv h w+￿ 'nBc frqvxpswlrqv duh Sf ' _f  RfB/ S￿ 'E nB_￿/ S| ' /i r u|  21E |
hydoxdwlqj wkh remhfwlyh ixqfwlrq ryhu wklv frqvxpswlrq sodq/ lw lv lpphgldwh wr vhh wkdw Rf zloo eh
dq htxloleulxp li wkh frqyh{ ixqfwlrq
)EB'E_f  E_f  RfBnq,dE_￿  EE n B_￿o
ghqhg ryhu wkh lqwhuydo   B	_ f*Rf/d f k l h y h vl w vp l q l p x pd wB 'f  E| +53,/ )EB'n 4
li B	f dqg )Ef ' f1 Wkdqnv wr wkh frqyh{lw|/ wkh rswlpxp olhv dw }hur/ zkhqhyhu )
￿
nEf  f1








 f/ zklfk dprxqwv wr Rf  sf1
Frqvhtxhqwo|/ dq| sulfh Rf  sf lv dq htxloleulxp dqg wkh Hxohu htxdwlrq lv ylrodwhg iru Rf :s f1
Revhuyh wkdw khuh wkh ylrodwlrq ri wkh Hxohu htxdwlrq lv gxh wkh idloxuh ri frqglwlrq +6,/ zkloh +5,
uhpdlqv wuxh1
W rh q gw k l vh { d p s o h /z hq h h gw rv s h f l i |i x q f w l r q v vdwlvi|lqj erwk frqglwlrqv lq +53,1 Lq ylhz
ri Wkhruhp 7/ d jrrg fdqglgdwh wxuqv rxw wr eh  ES'e
￿
S/ h{klelwlqj xqerxqghg uhodwlyh ulvn
dyhuvlrq forvh wr wkh ruljlq1 Ohw _￿ E?'?3￿ eh wkh glylghqg sd|hg dw hsrfk 4 e| wkh dvvhw dqg >?































n41 Uhjduglqj wr wkh vhfrqg frqglwlrq ri +53,/ revhuyh wkdw
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  El_￿o ' n41
Ri frxuvh/ vlplodu h{dpsohv fdq eh hdvlo| uhsolfdwhg1 Iroorzlqj wkh glvfxvvlrq lq Vhfwlrq 7/ wklv
exeeoh lv qrw urexvw dw doo1 Wr whvw lwv iudjlolw|/ vhw wkh glylghqg wr eh _￿ E?'l?3￿1W k h q w k h
ixqgdphqwdo ydoxhv duh wkh xqltxh htxloleulxp iru l:/ zkloh/ wkhuh duh qr htxloleuld li l	/
vlqfh wkh uvw ri +53, idlov1
46Krzhyhu/ wklv h{dpsoh lv lqwhuhvwlqj hqrxjk vlqfh d voljkw prglfdwlrq vkrzv wkh srvvleoh vrxufh
ri vxqvsrw exeeohv1
Dq h{dpsoh ri vxqvsrw exeeohv1 Ohw wkh vwdwh vsdfh eh l'iucMj/z k h u hv w d w h vu
dqg M uhsuhvhqw h{wulqvlf xqfhuwdlqw| +d vxqvsrw, hdfk rffxuulqj zlwk suredelolw| 425/ zkhuhdv wkh
suredelolw| glvwulexwlrq ryhu  ' ic2cj lv wkh vdph dv ehiruh1 Wkh owudwlrq lv frqvwuxfwhg e|
vhwwlqj If ' i>clj/ I￿ eh jhqhudwhg e| wkh sduwlwlrq iujciMj/d q gI| '2 l iru |  21
Wkh glylghqgv duh _f : fc_ ￿ EM'_￿ Eu'_￿/ _2 E/  _2 E?'?3￿ dqg _| 'firu |  1
Hqgrzphqwv duh f ' ￿ ' 2 'f / zkloh diwhu gdwh | 'wkh djhqw olyhv wkdqnv wr dq xqvshflhg
vwuhdp ri hqgrzphqwv |1 Vxssrvh wkdw doo wkh xwlolwlhv | duh olqhdu zlwk wkh h{fhswlrq ri 2/z k l f k
htxdov wkh ixqfwlrq  ri wkh suhylrxv h{dpsoh1 Zh fodlp wkh h{lvwhqfh ri d frqwlqxxp ri htxloleuld
jlyhq e|
Rf ' _￿ nE  *2dR￿EMnR￿ Euoc
R￿EM  ,d￿ E_2_2oc
R￿Eu  ,d￿ E_2_2o
Wkhuh lv d vxqvsrw htxloleulxp/ zkhqhyhu R￿EM 9' R￿Eu1
Wr vhh wklv/ ghqrwh htxloleulxp sulfhv e| RfcR ￿EM/ R￿ Eu/ R| 'f /i r u|  21 Qhfhvvdulo|/
Rf ' _￿ nE  *2dR￿EMnR￿ Euo/ zklfk lv wkh Hxohu htxdwlrq1 Ghqrwh e| +￿ 'nB￿/ +2 E/'
nB2 E/ wkh dvvhw kroglqj vwudwhj| wkdw qdqfhv frqvxpswlrqv Sf ' _fRfB￿/ S￿ 'E nB￿_￿ E/n
R￿ E/dB￿  B2 E/o/ S2 'd  n B2 E/o_2 E/ dqg S| ' | iru |  1 D gluhfw frpsxwdwlrq ri wkh
remhfwlyh ixqfwlrq iru wklv sodq ohdgv wr fkhfnlqj zkhwkhu
R￿ EMB2 EMnR￿ EuB2 Eun,iE_2  dE n B2 EM_2ojn
,i E_2  dE n B2 Eu_2ojf
+54,
krogv iru doo sdluv B2 EM/ B2 Eu1 Wkdqnv wr wkh vhfrqg ri +53,/ zh fdq uhvwulfw rxu dqdo|vlv wr
srvlwlyh ydoxhv B2 EM/ B2 Eu  f Iurp frqfdylw| ri /
,iE_2  dE n B2_2oj ,d
￿ E_2_2oB2
dqg wkxv wkh h{suhvvlrq lq +54, lv juhdwhu wkdq
R￿ EMB2 EMnR￿ EuB2 Eu  dB2 EunB2 EMo,d
￿ E_2_2oc
zklfk lv qrq0qhjdwlyh dv orqj dv R￿ EM  ,d￿ E_2_2o dqg R￿ Eu  ,d￿ E_2_2o1W k l vs u r y h vr x u
dvvhuw1 Lq d glhuhqw frqwh{w/ zlwk wzr khwhurjhqhrxv djhqwv kdylqj eholhiv frqyhujlqj wr udwlrqdo
h{shfwdwlrqv/ dq h{dpsoh ri vxqvsrw htxloleulxp lv jlyhq lq ^48`1 Krzhyhu/ wkh vxqvsrw htxloleulxp
frqvwuxfwhg wkhuh lv xqltxho| ghwhuplqhg e| ixqgdphqwdo sulfhv/ zkloh lq rxu h{dpsoh vxqvsrw
htxloleuld duh +srvvleo|, jhqhudwhg e| wkh dsshdudqfh ri exeeohv1
816 Rq Hxohu htxdwlrq
Wr ixuwkhu hpskdvl}h wkh uroh ri Hxohu vwulfw lqhtxdolw| lq wkh dsshdudqfh ri exuvwlqj exeeohv/ khuh
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47wkhq Rr ' sr iru doo r  |1Q r z / l i z h f d q s u r y h w k d w s u l f h v Rr vdwlvi| wkh Hxohu htxdwlrq iru
r 'f ccc|/ e| edfnzdug lqgxfwlrq zh lqihu wr eh Rr ' sr iru doo r Wklv lv looxvwudwhg wkurxjk wkh
iroorzlqj h{dpsoh1
H{dpsoh 41 Zh duh xvlqj wkh vdph iudphzrun ri Vxevhfwlrq 815= l'ic2cj/ If ' i>clj/
I| '2 l iru |  / wkhuhiruh wkh wuxh vwdwh ri wkh zruog lv uhyhdohg dw gdwh | ' 1 Wkh xwlolw|
ixqfwlrq  dqg wkh udqgrp yduldeoh _E? duh wkrvh glvsod|hg lq +53,1 Wkh hfrqrp| lv ghqhg dv
iroorzv1 Wkh suhihuhqfhv duh f ' ￿ ' S/ | ES'q|ES iru |  2 Wkh glylghqgv ri rqh vlqjoh dvvhw
duh _f : f/ _￿ E?'&￿ d_E?o_E?/ _2 E?'_E?/ _| 'firu |   dqg zkhuh &:f1 Wkh h{rjhqrxv
hqgrzphqwv duh f ' ￿ ' 2 'fdqg | ' :f iru |  1
Wkh htxloleulxp sulfhv R| fohduo| djuhh zlwk wkhlu ixqgdphqwdo ydoxhv iru |   dqg wkh| duh
s￿ ' q
2
￿ E__c s| 'f /i r u|:
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  | El_| n |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iru doo l	 dqg wkhuhiruh frqglwlrq +47, idlov1 Lq vslwh ri wkdw/ vxfk d prgho grhv qrw h{klelw
exeeohv vlqfh wkh sdlu ri sulfhv Rf/ s￿ iroorzv qhfhvvdulo| wkh Hxohu htxdwlrq1 Wr dfklhyh wklv/ zh
pxvw fkhfn wkdw erwk +5, dqg +6, duh wuxh1 Wkh odwwhu lv reylrxvo| ydolg/ jlyhq wkdw ￿ lv olqhdu Wkh
iruphu krogv vlqfh q2￿ E__  &￿ E__1 Dv d frqvhtxhqfh/ Rf ' sf dqg qr exeeoh h{lvwv1
Lw lv uhpdundeoh wr revhuyh wkdw
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  | El_| n |o ' 4
H{dpsoh 51 D voljkw prglfdwlrq ri wkh odvw h{dpsoh surylghv d w|sh ri exeeoh e| qhjdwlqj
+5, ri wkh Hxohu htxdwlrq1 Wklv lv lqwhuhvwlqj vlqfh lw vkrzv wkdw +5, pdwwhuv1
Wr nhhs wklqjv vlpsoh/ zh dvvxph suhihuhqfhv dv ehiruh/ zkloh glylghqgv duh qrz _f : f/ _￿ 'f /
_2 ' _/ _| 'firu |  1 Wkh h{rjhqrxv hqgrzphqwv duh f 'f / ￿ ' c 2 'fdqg | ' :f
iru doo |  1 Frqglwlrq +47, lv qrw ixooohg dqg +6, grhv1 Khuh +5, wudqvodwhv lqwr q2￿ E__  /
zklfk lv ylrodwhg dv ehlqj ￿ E__ qrw erxqghg1
Wr fkhfn wkh hhfwlyh h{lvwhqfh ri d exeeoh frpsrqhqw iru sulfh Rf zh pxvw iroorz d gluhfw
phwkrg1 Ghqrwhg e| +￿/ +2 E? d kroglqj vwudwhj|1 Wkhq:/ zh pxvw yhuli| wkdw wkh frqyh{ ixqfwlrq
Rf E+￿   n ,s￿ E+2  +￿nq
2,dE_  E+2_o
:Zh vnls doo wkh ghwdlov dv ehlqj vlplodu wr wkh h{dpsoh lq Vxevhfwlrq 8151
48dwwdlqv d plqlpxp dw +￿ ' +2 ' / xqghu frqvwudlqwv
f  +￿  n_f*Rfc f 	+ 2  +￿ n *s￿
zlwk s￿ ' q2￿ E__1 E| xvlqj djdlq vshflfdwlrqv  ES'e￿*S dqg _E?'?3￿/ lw iroorzv wkdw/
e| fkrrvlqj +￿ 	 / wkh dprxqw +￿ n *s￿ lv ghqlwlyho| ohvv wkdq   0 dqg wkhuhiruh +2 E? lv
ghqlwlyho| ohvv wkdq   01W k l vh q w d l o v
,d E_  E+2_o ' n4
dqg zh frqfoxgh wkdw zh fdq uhvwulfw rxu dwwhqwlrq wr dvvhwv kroglqj zlwk +￿   E| dgrswlqj
vwdqgdug whfkqltxhv ri frqyh{ dqdo|vlv lw lv hdvlo| vhhq wkdw rxu fodlp lv wuxh surylghg wkdw Rf 
q2,d￿ E__o'sf1
817 Dpeljxrxv exeeohv
Wkh xqltxh h{dpsoh lq ^49` ri exeeohv iru Oxfdv* prghov ghvhuyhv d pruh wkrurxjko| glvfxvvlrq
vlqfh lw lv uhodwhg wr exeeohv ruljlqdwhg e| glhuhqw ydoxdwlrqv ri wkh vwuhdp ri ixwxuh glylghqgv1
Khuh dq h{dpsoh zklfk jhqhudol}hv wkh elqrpldo H{dpsoh 718 ri ^49` lv looxvwudwhg1
Dvvxph djhqw*v suhihuhqfhv duh
S"
|’f q| E/ES|/z l w k ehlqj dq| frqfdyh ixqfwlrq dqg zkhuh
wkh vwrfkdvwlf glvfrxqw idfwruv vdwlvi| ,f
S"
|’￿ q| E/ 	 41 Wkhuh lv d vlqjoh dvvhw sd|lqj d frqvwdqw
glylghqg iruhyhu/ e/ _|  / zkloh wkh hqgrzphqwv ri wkh frqvxpswlrq jrrg duh |  f1X q g h u












q| dE  Elo 	 4
wkdw hqvxuhv wkh deryh htxloleulxp wr eh wkh xqltxh rqh1
Wkh suredelolvwlf vsdfh Elc6c> xqghuo|lqj wkh hfrqrp| lv vxfk wkdw d vhtxhqfh ri hyhqwv
i|j
"









' ^A￿| dqg >E| $ f dv
| $4 1 Zlwk wklv vhtxhqfh ri hyhqwv/ zh vkdoo frqvwuxfw wkh glvfrxqw idfwru surfhvv lq wkh iroorzlqj
pdqqhu=
q| E/'B| E n o
3| li / 5 |
q| E/'B￿k￿ E n o
3| li / 5 ￿ exw /* 5 ￿n￿
Khuh f 	B	/ o:f dqg vfdoduv k￿ duh ghqhg dv
k￿ 'E  B^E ^
3￿ nE no
￿ oE  B{E ^
3￿
zlwk { : f1 Wkurxjk ohqjwk| dqg whglrxv fdofxodwlrqv/ lw fdq eh vkrzq wkdw wkh xqltxh sulfh





49Ri frxuvh/ vxfk sulfhv reh| wkh Hxohu htxdwlrq
q|s| ' ,| dq|n￿ Es|n￿ n o
Krzhyhu/ gxh wr pdunhwv g|qdplf lqfrpsohwhqhvv/ wklv lv qrw qhfhvvdulo| wkh xqltxh lqwhuwhpsrudo
qr0duelwudjh frqglwlrq htxdoo| frqvlvwhqw zlwk sulfhv s|1 Pruh h{solflwo|/ wkhuh pljkw h{lvw d svhxgr
vwdwh0sulfh surfhvv @| E/ vxfk wkdw
@|s| ' ,| d@|n￿ Es|n￿ n o
Dfwxdoo| wklv lv wkh fdvh li rqh fkrrvhv wkh vwdwh0sulfh surfhvv @| 'E no
3|/z k l f ko h d g vw r
s| 'E no
3￿ ,| Es|n￿ n 
dv rqh fdq hdvlo| yhuli|1 Lq whupv ri wkh vwdwh sulfhv @| 'E no
3|/ wkh ixqgdphqwdo ydoxh ri wkh
dvvhw wxuqv rxw wr eh *o/v rw k d wd o r q jw k hv h w|/ rqh revhuyhv d exeeoh frpsrqhqw dprxqwlqj wr
E n o
| ^3|{1 Qrwh wkdw wklv exeeoh lv exuvwlqj doprvw vxuho|1
Wklv dqdo|wlfdo h{huflvh suryhv wkdw frqglwlrq +47,/ zkloh uxolqj rxw pxowlsoh htxloleuld/ grhv qrw
suhfoxgh srwhqwldo ydoxdwlrq exeeohv gxh wr glhuhqw fkrlfhv ri vwdwh sulfhv1 Wklv h{dpsoh zloo eh
uhfryhuhg ixuwkhu dffruglqjo| wr wkh wkhru| ghyhorshg lq wkh qdo vhfwlrq/ zkhuh dqrwkhu h{dpsoh
ri dpeljxrxvo| ghqhg exeeohv ri d glhuhqw qdwxuh zloo eh ixuqlvkhg1
9 Wudqvyhuvdolw| Frqglwlrq dqg Exeeohv
Lq wklv qdo vhfwlrq zh oo wzr jdsv phw vr idu1 Iluvw/ dv lw kdv ehhq douhdg| vkrzq lq Vxevhfwlrq
816/ xqltxhqhvv frqglwlrq +47, lv idu iurp ehlqj qhfhvvdu|1 Iru lqvwdqfh/ dv lw zloo eh vkrzq lq
vkruw/ lq ghwhuplqlvwlf prghov xqltxhqhvv ri wkh sulflqj htxloleulxp lv wuxh uhjdugohvv ri frqglwlrq
+47,/ wkxv dgguhvvlqj wkh txhvwlrq rq wr zkdw h{whqw d vlqjoh htxloleulxp fdq eh lqihuuhg zlwkrxw
uhvruwlqj wr +47,1 Vhfrqg/ zh vkdoo surylgh frqglwlrqv zklfk suhfoxgh wkh rffxuuhqfh ri dpeljxrxv
exeeohv ri wkh nlqg glvfxvvhg lq Vxevhfwlrq 8171 Vshflfdoo|/ zh zdqw wr uxoh rxw exeeohv jhqhudwhg
e| dgrswlqj d jhqhulf 60dgdswhg svhxgr vwdwh0sulfhv @| E/ frqvlvwhqw zlwk wkh htxloleulxp/ wkdw lv/
vdwlvi|lqj +45,1 Vlqfh/ lq sduwlfxodu/ zh fdq fkrrvh @| ' ￿ ESW
|/ wkurxjkrxw wklv vhfwlrq zh vkdoo
dozd|v pdnh wkh dvvxpswlrq wkdw sulfhv vdwlvi| wkh Hxohu htxdwlrq1








ghqhg iru hdfk {hg dvvhw 1 Wr looxvwudwh zkdw zh kdyh lq plqg/ lw lv xvhixo wr vwduw zlwk wkh
rqh0dvvhw prgho zlwkrxw xqfhuwdlqw|/ zkhuh +55, kdv d vkdus h{sodqdwlrq1 Lq wklv vhfwlrq zh vkdoo














ehlqj wuxh iru doo vhtxhqfhv ri vfdoduv k|  f1W k d q n v w r + 5 6 , / w k h v h u l h v
S"
|’f k| glyhujhv li dqg
rqo| li
T"
|’f E n k| glyhujhv dv zhoo1
4:914 Ghwhuplqlvwlf Hfrqrplhv
Ohw wkhq iR|j eh d sulfh vhtxhqfh vdwlvi|lqj wkh Hxohu htxdwlrq/ iru d vlqjoh dvvhw lq d zruog zlwk
qr xqfhuwdlqw|1 Wkhq/ 
￿
|3￿ ES|3￿R|3￿ ' 
￿
| ES|E_| n R|/z k h u h_| lv wkh vwuhdp ri ixwxuh glylghqgv1
Li zh lqwurgxfh wkh lqqlwh surgxfw
T"


















































zkhuh wkh odvw lv wuxh ehfdxvh qhfhvvdulo| *4|<"
￿
| ES|R| ' ￿











Fohduo|/ e| yluwxh ri +56, d srvlwlyh exeeoh zloo h{lvw li dqg rqo| li wkh ydoxh ri vhulhv
S"
|’￿ _|*R|
lv qlwh1 Zh kdyh wkxv hvwdeolvkhg wkh htxlydohqfh
" [
|’￿
_|*R| ' 4+ ,qr exeeohv +57,
Rq wkh rwkhu kdqg/ zh vkdoo suryh dw wkh hqg ri wklv vhfwlrq wkdw wkh frqglwlrq
S"
|’￿ _|*R| ' 4 lv
qhfhvvdu| lq rughu wkdw R| eh dq htxloleulxp1 Wkhuhiruh/ zh fdq vwdwh wkh rwkhu htxlydohqfh
" [
|’￿
_|*R| ' 4+ ,i R|j lv dq htxloleulxp +58,
Frxsolqj +57, dqg +58, zh lqihu wkdw ydoxdwlrq exeeohv duh qhfhvvdulo| devhqw/ dw ohdvw lq wkh
ghwhuplqlvwlf prgho1 Ri frxuvh doo wklv dujxphqwv duh douhdg| zhoo nqrz +vhh iru h{dpsoh ^;`, dqg
duh lqwlpdwho| uhodwhg wr wkh h{foxvlrq ri Srq}l vfkhphv dv ihdvleoh vwudwhjlhv1 Vlqfh wkh dv|pswrwlf
ehkdylru ri vhulhv
S"
|’￿ _|*R| lv wkh vdph dv wkdw ri wkh lqqlwh surgxfw
T"
|’￿ E n _|*R|/o h wx v
irfxv rq wkh odwwhu/ zklfk doorzv iru wzr lqwhusuhwdwlrqv1 Frqvlghu wkh vhoi0qdqflqj dvvhw kroglqj
vwudwhj| e +| lq zklfk doo wkh glylghqgv sd|hg e| wkh dvvhw duh lqyhvwhg dqg vr wkh djhqw frqvxph klv
h{rjhqrxv lqfrph dw dq| wudglqj gdwh1 Lwv wlph hyroxwlrq lv e +| '
T|3￿
?’f E n _?*R?e +f dqg/ wkhuhiruh/
wkh deryh glvfxvvlrq ohdgv wr wkh frqfoxvlrq wkdw wkh dvvhw jurzv erxqgohvv zkhqhyhu sulfhv gr qrw
lqyroyh d exeeoh1 Dqrwkhu voljkwo| glhuhqw lqwhusuhwdwlrq lv wkurxjk Srq}l vwudwhjlhv* ylhzsrlqw1
Vxssrvh wkhuh lv d vkruw0vhoolqj/ +￿ 	 f/ dw gdwh 4 dqg wkh ghew lv uroohg0ryhu dw hyhu| wudglqj gdwh
|:1 Wkh ghew dffxpxodwhg dw wlph | zloo eh +| '
T|3￿
?’￿ E n _?*R?+￿ dqg frqvhtxhqwo| wkh Srq}l
vwudwhj| wxuqv rxw wr eh xqerxqghg dv orqj dv wkh exeeoh lv devhqw1
915 Vwrfkdvwlf Hfrqrplhv
Wkh h{whqvlrq ri wkh iruhjrlqj dujxphqw wr rxu jhqhudo vhwwlqj/ uhtxluhv wr vroyh d fhuwdlq qxpehu ri
whfkqlfdo gl!fxowlhv dulvlqj iru wkh suhvhqfh ri pdq| dvvhwv dqg xqfhuwdlqw|1 Zh qhhg wr frqvwuxfw
4;vhoi0qdqflqj dvvhw kroglqj vwudwhj| vhsdudwho| iru hdfk vlqjoh dvvhw  5i c2cc&j1 D glvwxuelqj
hyhqw pd| kdsshq= iru fhuwdlq vwdwhv ri qdwxuh dqg dw vrph gdwh/ vrph sulfhv frxog ydqlvk1 Vlqfh
zh zdqw wr frsh zlwk d wkhru| frpsuhkhqvlyh hqrxjk wr wdfnoh wklv vlwxdwlrq wrr/ zh ghdo zlwk }hur
sulfhv dv iroorzv1
Iru hdfk vlqjoh dvvhw  5i c2cc&j/ frqvlghu wkh vhoi0qdqflqj sodq ie +|Ej vxfk wkdw
e +
￿
|E'f / iru doo |  f dqg  9' 
Iroorzlqj wklv sodq/ dw hdfk gdwh |/ glylghqgv surgxfhg e| wkh |￿ dvvhw duh uh0lqyhvwhg lq wkh vdph
dvvhw 1 Zh vkdoo lghqwli| wkh |￿ frpsrqhqw ri yhfwru e +|E zlwk wkh sodq lwvhoi dqg/ wr hdvh qrwdwlrq/
zh vkdoo zulwh e +E  e +￿
|1 E| dvvxplqj e +￿
f wr eh d vwulfwo| srvlwlyh vfdodu/ dqg R￿
| wr eh vwulfwo|
srvlwlyh/ wkh sodq e )￿ ' ie +￿














Lq rughu wr ohw +59, eh ghqhg dv zhoo iru sulfhv qrw hyhu vwulfwo| srvlwlyh/ zh vkdoo dgrsw wkh
frqyhqwlrq e +￿
|n￿ E/'n 4/z k h q h y h uR￿
|E/'f 1 Ghqh wkh vhwv; ￿
| ' iR￿
| 'f j/ lq irufh ri wkh
Hxohu htxdwlrq rqh kdv  ￿
|  ￿
|n￿/ iru doo |  f1 Frqvhtxhqwo|/ R￿
r 'firu doo r:|dqg doo / 5 ￿
|1
Zh kdyh wkxv frqvwuxfwhg dq h{whqghg uhdo0ydoxhg lqfuhdvlqj vhtxhqfh ie +￿
|j1
Vhwwlqj e +￿
" '*  4 |<" e +￿
|/ iurp +59, dqg e| phdqv ri rxu frqyhqwlrq iru _￿
|*R￿
|/f o h d u o |e +￿


















Sursrvlwlrq 7 Ohw iR|c@ |j eh wzr 60dgdswhg surfhvvhv vdwlvi|lqj +45,1 Frqvlghu wkh vhoi0qdqflqj
sodq e )￿ jhqhudwhg e| +59,1 Li zh djuhh xsrq vhwwlqj R￿
| E/e +￿
|n￿E/'fzkhq R￿
| E/'f / wkhq wkh
surfhvv @|R￿
| e +￿
|n￿ lv d vxshupduwlqjdoh1
Surri1 Ghqrwh e| ￿
| wkh frpsohphqw ri vhw ￿
| ' iR￿


























































dv zdv wr eh vkrzq1
Wkh uvw lpsruwdqw uhvxow lv wkh qh{w vwdwhphqw zklfk uhtxluhv wkh ydoxh ri vhulhv +55, wr
krog xqlirupo|1 Ri frxuvh/ wklv phdqv wkdw iru dq| qxpehu / wkhuh h{lvwv vrph wlph |f vr wkdw SA
|’f _￿
|*R￿
|   @r iru doo A  |f1 Lq dffrugdqfh zlwk +56,/ zh vkdoo kdyh e +￿
| % n4 xqlirupo| dv
zhoo1
;Lw vkrxog eh qrwhg wkdw vhwv Sl
w gr qrw ghshqg rq wkh fkrlfh ri vwdwh0sulfhv dw hpsor|hg1
4<Sursrvlwlrq 8 Li wkh sulfhv surfhvv T reh|v wkh Hxohu htxdwlrq dqg/ lq dgglwlrq/ +55, krogv xql0
irupo|/ wkhq R￿
| ' s￿
| iru doo |/w k d wl v /w k h|￿ frpsrqhqw ri wkh exeeoh lv }hur1 Lq dgglwlrq/ sulfhv R￿
|
xqdpeljxrxvo| lqyroyh qr exeeoh1
Surri1 Ohw xv { dq| svhxgr vwdwh0sulfhv frqvlvwhqw zlwk T1 Zh nqrz iurp Sursrvlwlrq 7 wkdw
@|R￿
|e +￿


















￿/z k h u hw k hv h w￿
| lv wkh vdph dv lq wkh surri ri Sursrvlwlrq 71 Vlqfh wkh vhtxhqfh ie +￿
|j
glyhujhv xqlirupo|/ iru dq|  zh fdq qg d wlph A vr wkdw e +￿



















dqg/ lq wxuq/ ,f E@|R￿
| $ f dv | $4 1 Qrz/ lq ylhz ri +46,/ zh fdq lqihu wkdw wkh exeeoh frpsrqhqw/
uhodwlyho| wr wkh vhohfwhg vwdwh0sulfhv/ ydqlvkhv1
Sursrvlwlrq 8 ghvhuyhv d vhulhv ri frpphqwv1 Lw hvwdeolvkhv rqo| wkh uljkw0kdqg duurz lq erwk
+57, dqg +58, iru wkh vwrfkdvwlf iudphzrun/ dqg lw uhtxluhv xqlirup glyhujhqfh ri wkh vhulhv +55,1
Vxevhfwlrq 817 surylghv d frxqwhuh{dpsoh vwuhvvlqj wkdw xqlirup glyhujhqfh lv qhhghg1 Wkhuh/
dpeljxrxv exeeohv h{lvw hyhq li wkh vhulhv +55, jrhv wr lqqlw| doprvw vxuho|> krzhyhu/ ri frxuvh/
wkh olplw grhv qrw krog xqlirupo|1 Dqrwkhu h{dpsoh lv jlyhq dw wkh hqg ri wklv vxevhfwlrq1 Fohduo|/
wkh xqlirup glyhujhqfh ri wkh vhulhv dfwv dv d wudqvyhuvdolw| frqglwlrq dw lqqlw|= wkh vkruw0uxq
frqglwlrq h{suhvvhg wkurxjk wkh Hxohu htxdwlrq soxv +55, lpso| wkh rswlpdolw| ri wkh doorfdwlrq1
Xqiruwxqdwho|/ lw lv kdug wr qg frqglwlrqv wkdw hvwdeolvk wkh rssrvlwh lpsolfdwlrq lq +57, dqg +58,
iru wkh vwrfkdvwlf vhwwlqj1
Lq rughu wr h{sorlw wkh ixoo vwuhqjwk ri +55, lq uxolqj rxw exeeohv/ zh qhhg wr qg frqglwlrqv
hqvxulqj +55, wr krog xqlirupo|1 Lq wkh iroorzlqj/ zh frqvlghu uhvwulfwlrqv hlwkhu rq glvfrxqwlqj
surshuwlhv ri suhihuhqfhv ru rq wkh vwrfkdvwlf surfhvv jryhuqlqj wkh vwdwhv ri wkh zruog1
Qh{w dvvxpswlrq hvwdeolvkhv d frqglwlrq rq suhihuhqfhv forvho| uhodwhg wr wkh surshuw| ri djhqw*v
lpsdwlhqfh/ uhodwlyho| wr d {hg vlqjoh dvvhw 1





ll, iru hdfk lqwhjhu r dqg doo  5I r zlwk >E : f/ wkhuh h{lvwv d vfdodu l ' l Erc/z l w k
f 	l	j 3￿
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53D16 fdq eh ylhzhg dv d zhdnhu yduldqw ri wkdw srvwxodwhg e| Vdqwrv dqg Zrrgirug ^49` +zkhuh
wkh| vhw j|  j:f dqg l  , dv zhoo dv wkh xqlirup orzhu erxqg rq lpsdwlhqfh dvvxpswlrq lq
Pdjloo dqg Txlq}ll ^46`1 Qrwh dovr wkdw D16 lv pruh uhvwulfwlyh wkdq frqglwlrq +47,1 Lq idfw/ iurp






























zkhuh wkh odvw lqhtxdolw| lv wuxh lq irufh ri +ll, ri Ghqlwlrq 41 Wkhuhiruh/ +49, lv ydolg dw ohdvw iru
|   n 1 Li rq rqh kdqg D16 lv pruh uhvwulfwlyh wkdq +47,/ rq wkh rwkhu kdqg lw jxdudqwhhv rxu
ghvluhg dv|pswrwlf surshuw| ri wkh vhulhv/ dv qh{w sursrvlwlrq hvwdeolvkhv1








krogv xqlirupo|1 Frqvhtxhqwo|/ wkh |￿ exeeoh frpsrqhqw lv }hur1
Wkh qh{w vwdwhphqw ghulyhv wkh dv|pswrwlf ehkdylru ri vhulhv +5<, zlwkrxw uhvruwlqj rq dq|
k|srwkhvlv rq djhqw*v suhihuhqfh1 Vshflfdoo|/ wlph0vhsdudelolw| ri suhihuhqfhv lv qrw uhtxluhg> wkh
rqo| surshuw| qhhghg lv wkhlu vwulfw prqrwrqlflw| zlwk uhvshfw wr hdfk |0shulrg frqvxpswlrq1 Xq0
iruwxqdwho|/ wkh iroorzlqj vwurqj dvvxpswlrq rq wkh suredelolvwlf vwuxfwxuh lv qhhghg1
D1 7 Wkh suredelolw| vsdfh Elc6c> hqmr|v wkh iroorzlqj surshuw|= iru doo vhtxhqfhv | & /z l w k
| 5I | dqg >E : f/ wkhuh duh d gdwh r dqg d vhw    vxfk wkdw >E : f dqg  5I r1
Wkhruhp 9 Li wkh xqfhuwdlqw| lv ghvfulehg e| d suredelolw| vsdfh vdwlvi|lqj D17/ wkhq +5<, lv wuxh
@r1
Zlwk wklv uhvxow dw kdqg/ lw lv lpphgldwho| vhhq wkdw wkh ohiw0kdqg lpsolfdwlrqv lq +57, dqg +58,
duh wuxh iru wkh ghwhuplqlvwlf prgho/ zkhuh srlqwzlvh dqg xqlirup glyhujhqfh duh htxlydohqw1 Pruh0
ryhu/ lw lv srvvleoh wr frqvwuxfw prghov zlwk d glylghqg surfhvv vxfk wkdw doprvw vxuho| glyhujhqfh
lpso| xqlirup glyhujhqfh1
Zh looxvwudwh wkh iruhjrlqj glvfxvvlrq e| phdqv ri wkh iroorzlqj h{dpsohv1
H{dpsoh 41 Fohduo|/ wkh h{dpsoh zlwk dpeljxrxvo| ghqhg exeeohv/ looxvwudwhg lq Vxevhfwlrq
817/ ylrodwhv frqglwlrq D161 Vwloo/ lw lv lqwhuhvwlqj wr vkrz wklv gluhfwo| wr vhh krz rxu irupxodwlrq
ri D16 lv shukdsv wkh wljkwhvw rqh1 Lw vx!fhv wr slfn lq D16 wkh vhtxhqfh ri hyhqwv | xwlol}hg lq
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54iru vrph wzr vfdodu vhtxhqfhv il|j dqg ij|j1 Rq wkh rwkhu kdqg/ wkdqnv wr frqfdylw|/ zh kdyh
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wkxv frqwudglfwlqj wkh idfw wkdw
S"
|’￿ j| ' 41
H{dpsoh 5= Dpeljxrxv exeeohv dqg Shwhuvexuj dvvhwv Ghvslwh ri kdylqj odehoohg Dv0
vxpswlrq D16 dv d frqglwlrq uhodwhg wr wkh surshuw| ri lpsdwlhqfh ri djhqwv/ dv d pdwwhu ri idfw
lw lqyroyhv d pruh frpsolfdwhg lqwhusod| ehwzhhq wkh glvfrxqwlqj dqg wkh qdwxuh ri glylghqg*v
glvwulexwlrq/ dv lw lv vkrzq lq wkh suhvhqw h{dpsoh1
Ohw l'ic2cj dqg wkh j0dojheud I| eh jhqhudwhg e| wkh qlwh sduwlwlrq ri vhwv ij/
i2jcci|jc i| n c|n2 cj1 Wkh suredelolw| phdvxuh dvvljqhg ryhu l lv >E? : f iru doo ?
Vlqfh doo vhtxhqfhv | &  zlwk * 5I r duh vxfk wkdw >E'f / D17 krogv wuxh dqg frqvhtxhqwo|/
e| Wkhruhp 9/ +5<, krogv doprvw vxuho|1
Li zh vhw wkh glylghqgv ri d vlqjoh dvvhw wr eh _| E/ : f iru / ' | dqg _| E/'frwkhuzlvh/ lw lv
hdv| wr uhdol}h wkdw iru dq| sulfh htxloleulxp rqh kdv R| E/'firu doo /  |/ zkloh R| E/ : f iru
/  | n / qr pdwwhu zkdwhyhu suhihuhqfhv dqg h{rjhqrxv uhvrxufhv duh jlyhq1 Wkh vhulhv fhuwdlqo|













iru doo :f1 Wkhuhiruh/ lq ylhz ri Wkhruhp 8/ dvvxpswlrq D16 idlov1 Wklv pd| hyhq eh fkhfnhg
gluhfwo| e| orrnlqj dw lwv ghqlwlrq= wkh glylghqgv ydqlvk ryhu hyhqwv zlwk srvlwlyh suredelolw|1
Dfwxdoo| zh duh deoh wr ghprqvwudwh wkh h{lvwhqfh ri ydoxdwlrq exeeohv1
Jlyhq wkdw wkh lqirupdwlrqdo vwuxfwxuh lv qlwh dw dq| wudglqj gdwh/ lw lv vlpsohu wr ghvfuleh
lw e| phdqv ri d wuhh1 Dprqj wkh | nl q i r u p d w l r qv h w vr iI|/z hq d p hr| ' i| n c|n2 cj
dqg 6| ' i|j1 Wkh uhpdlqlqj qrghv zloo eh olwwoh uhohydqw dqg wkxv zh gr qrw dvvljq wkhp dq|
sduwlfxodu v|pero1 Zlwk wklv qrwdwlrq dw kdqg/ doo qrghv r| kdyh wzr lpphgldwh vxffhvvruv r|n￿
dqg 6|n￿/ zkloh doo rwkhuv qrghv kdyh rqo| rqh lpphgldwh vxffhvvru1 Dffruglqj wr wklv qrwdwlrq/
zh kdyh _E6| : f dqg _E'fhovhzkhuh/ zkloh REr| : f dqg RE'fhovhzkhuh1
Zh duh qrz sodqqlqj wr dvvljq d vwdwh sulfh surfhvv @E frqvlvwhqw zlwk wkh jlyhq htxloleulxp
RE1 Lw lv vx!flhqw wr vshfli| wkh vhtxhqfh @Er| vlqfh hovhzkhuh wkh vwdwh sulfhv fdq eh dq|1 Ohw xv
{ d qxpehu f  { 	RErf dqg d vhtxhqfh @E6| vxfk wkdw
S"




























































55zklfk suryhv wkh h{lvwhqfh ri d srvlwlyh exeeoh dorqj wkh vwdwhv r|1 Fohduo| wkh exeeoh lv dpeljxrxv
vlqfh lw glvdsshduv e| vhwwlqj {'f 1 Lq wklv fdvh/ wkh sulfhv djuhh zlwk wkh ixqgdphqwdo ydoxh
dffruglqj wr d fhuwdlq vwdwh sulfh surfhvv +ri frxuvh wklv lv dovr d frqvhtxhqfh ri Wkhruhp 614 lq
^49`,1
Li rqh vhwv wkh suredelolw| phdvxuh >E?'E  ^
?3￿ ^/ wkh udqgrp surfhvv fdq eh lpsohphqwhg
e| wrvvlqj dq xqidlu frlq +zlwk suredelolw| ^ ri khdgv, xqwlo khdgv frphv xs1 Wkxv wkh prgho lq
rxu h{dpsoh uhvhpeohv wkh Shwhuvexuj jdph1
H{dpsoh 61 Zkhqhyhu wkh vdpsoh vsdfh l kdv qlwho| pdq| hohphqwv/ Surshuw| D17 lv wulyldoo|
ixooohg dqg/ fohduo|/ +55, krogv xqlirupo|1 Dffruglqjo|/ wkhuh duh qr exeeohv1 Li xwlolwlhv duh
glhuhqwldeoh/ wklv suryhv wkh xqltxhqhvv ri htxloleulxp dqg/ lq wxuq/ wkh htxlydohqfh +58, glvsod|hg
dw wkh ehjlqqlqj iru ghwhuplqlvwlf prghov1 Zkhqhyhu wkh suhihuhqfhv duh qrw glhuhqwldeoh/ dv lq
Vxevhfwlrq 814/ lw iroorzv wkdw wkhuh duh qr dpeljxrxv exeeohv1
Wkh wkhru| ghyhorshg lq wklv vhfwlrq surylghv iru dqrwkhu dujxphqw wkdw fodulhv krz vx!flhqw
frqglwlrq +47, lv qrw qhfhvvdu| dw doo1 Lqghhg/ lw lv hdv| wr frqvwuxfw h{dpsohv wkdw ylrodwh +47, dqg
dw wkh vdph wlph xqltxhqhvv ri htxloleulxp lv dvvxuhg e| Wkhruhp 91 Frqvlghu |ES'|323kS3|/
iru |:f dqg k:f1 Wklv idplo| glvsod|v xqerxqghg uhodwlyh ulvn dyhuvlrq vlqfh |*v uhodwlyh











dqg wkxv wkh dvvhw fdq eh sulfhg e| lwv ixqgdphqwdo ydoxh1 Rq wkh rwkhu kdqg/
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|’￿









iru doo l	/ frqvhtxhqwo| vx!flhqw frqglwlrq iru xqltxhqhvv +47, lv ylrodwhg1
916 Wuxo| Lqqlwh Hfrqrplhv
Lq wklv qdo Vxevhfwlrq zh suhvhqw wzr qrq0wulyldo dqg wuxo| lqqlwh hfrqrplhv h{klelwlqj exeeohv1
Lq erwk ri wkhp wkh vwdwhv ri wkh zruog duh frxqwdeoh dqg duh frqvwuxfwhg e| phdqv ri Shwhuvexuj
dvvhwv1 Lw lv zruwk qrwlflqj wkdw dvvxpswlrq D17/ dqg wkxv Wkhruhp 9/ krogv lq erwk fdvhv1
H{dpsoh 7= lqqlwh vwdwhv dw hdfk hsrfk1 Wklv h{dpsoh lqfrusrudwhv d Shwhuvexuj dvvhw
lqwr wkh prgho ghvfulehg lq Vxevhfwlrq 815 dqg wkhuhiruh frxqwdeo| pdq| vwdwhv ri wkh zruog duh
revhuydeoh dw hdfk wudglqj gdwh1 Wkh uhohydqw qrghv duh r|/ | 'f cc zkhuh rf lv wkh lqlwldo
qrgh/ dqg 6|







￿ c1 Hyhu| rwkhu qrgh kdv rqo| rqh lpphgldwh vxffhvvru1 Vxfk
qrghv zloo qrw odehoohg vlqfh qrq0uhohydqw1 Wkh vwdwlrqdu| wudqvlwlrq suredelolwlhv duh
ZE6|n￿
? m r|'>? : f(
ZEr|n￿ m r|'>f : f
zkhuh
S"
?’f >? 'dqg >? l vw k hv d p hd vw k d wx v h gl qV x e v h f w l r q8 1 5 /w k d wl v />?  e3?*?2nk dv
? $4 / k:f1
56Suhihuhqfhv duh ghvfulehg e| E6|
?cS'q|ES zlwk  vdwlvi|lqj +53, ri Vxevhfwlrq 8151 Dorqj
hyhu| rwkhu qrgh/ wkh suhihuhqfhv duh olqhdu1 Vshflfdoo|/ Er|cS'q|S1 Wkh dvvhw glylghqgv duh
_E6|
?'?3￿ dqg _ 'fhovhzkhuh1 Dw hdfk gdwh |/ hqgrzphqwv duh E6|
?'firu doo ?/z k l o h
dw hyhu| rwkhu qrgh wkh djhqw uhfhlyhv d {hg dprxqw ri frqvxpswlrq jrrg :f1V s h f l  f d o o | /
Er|'1
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kdylqj ghqrwhg  '
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3￿ q ' s
duh vwdwlrqdu| dorqj vwdwhv r|1
Ohw xv hydoxdwh wkh remhfwlyh ixqfwlrq iru d ihdvleoh frqvxpswlrq vwuhdp1 Ohw +|n￿  +Er| eh d
















Lw lv lpphgldwho| vhhq iurp +64, wkdw rqo| ydoxhv +|   iru doo | duh uhohydqw/ rwkhuzlvh/ e| +53,/
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Wklv lv wkh Hxohu lqhtxdolw| dvvrfldwhg zlwk +63,1 Khqfh/ dq| sulfh vhtxhqfh iroorzlqj wkh suhylrxv
lqhtxdolw| lv dq htxloleulxp1
Lw lv zruwk zulwlqj grzq h{solflwo| vxfk g|qdplf ri sulfhv lq rughu wr dssuhfldwh zkdw nlqg ri










Wkh dgghqgxp |3￿ phdvxuhv wr zkdw h{whqw wkh Hxohu htxdwlrq lv ehlqj ylrodwhg1 E| dvvxplqj S"
|’f Eq>f
































Wkhuh duh wzr exeeoh frpsrqhqwv1 Li zh vhw K@ Erf'f / wkhuh lv qr dv|pswrwlf exeeoh/ exw wkh
Hxohu htxdwlrq pd| eh frqwlqxrxvo| ylrodwhg/ zkhqhyhu | : f iru doo |1 Rq wkh rwkhu kdqg/ li
zh vhw | 'firu doo |/ wkh sulfhv reh| wr wkh Hxohu htxdwlrq exw wkhuh pd| eh d exeeoh jurzlqj
h{srqhqwldoo| dorqj vwdwhv r|1
H{dpsoh 8= qlwh vwdwhv dw hdfk hsrfk1 Khuh/ djdlq/ zh pdnh xvh ri d Shwhuvexuj dvvhw/
exw qrz/ qlwho| pdq| lqirupdwlrq qrghv duh revhuydeoh dw hyhu| wudglqj gdwh1 Wklv frqvwuxfwlrq
vhhpv wr eh phdqlqjixo vlqfh qr ylrodwlrq ri wkh Hxohu htxdwlrq pd| rffxu1 Qrqhwkhohvv/ hyhq
zlwk Hxohu htxdolw|/ pxowlsoh htxloleuld pd| dulvh e| prgholqj djhqwv kdylqj dq lqfuhdvlqj uhodwlyh
ulvn0dyhuvlrq ryhu wlph1
Wkh lqlwldo qrgh lv rf1W k h|0wlph uhohydqw qrghv duh r|/ |  f dqg 6|/ |  1H d f kq r g hr| kdv
wzr lpphgldwh vxffhvvruv r|n￿ dqg 6|n￿/ zkloh hyhu| rwkhu qrgh kdv rqo| rqh vxffhvvru/ wkdw zloo






















zlwk k:f/ dqg olqhdu hovhzkhuh1 Pruh vshflfdoo|/ Er|cS'q|S zlwk f 	q	1 Olnh lq H{dpsoh
6/ suhihuhqfhv h{klelw lqfuhdvlqj uhodwlyh ulvn dyhuvlrq dorqj vwdwhv 6|1 Wkh glylghqgv sd|hg e| d
vlqjoh dvvhw duh _E6|' /i r ud o o|  /d q gf hovhzkhuh1 Wkh hqgrzphqwv duh E6|'fdqg
 ' :f rq hyhu| rwkhu qrgh1














Fohduo| sulfhv pxvw ydqlvk rxwvlgh vwdwhv r|1 Iru sulfhv dorqj vwdwhv r|/ zh fdq hdvlo| fdofxodwh wkh
Hxohu htxdwlrq1 Ghqrwh R|  REr|/w k h q




















zkhuh wkh uvw dgghqgxp lv wkh ixqgdphqwdo ydoxh dqg wkh vhfrqg lv wkh exeeoh frpsrqhqw1 Wklv
vhulhv frqyhujhv/ dv lw lv hdv| wr fkhfn/ dqg wkhuhiruh wkh exeeoh reh|v wr wkh pduwlqjdoh odz
58K|n￿ '2 q3￿K| dorqj vwdwhv r|1 Lq rwkhu zrugv/ wkh exeeoh frpsrqhqw fdq qhyhu exuvw dorqj vwdwhv
r|1
Qrz zh suryh wkdw wkhvh sulfhv zlwk srvlwlyh exeeohv duh frqvlvwhqw zlwk htxloleulxp uhtxluh0
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Wkh surri zloo eh dffrpsolvkhg e| frqvlghulqj vwudwhjlhv +| vhsdudwho| lq wkh iroorzlqj h{kdxvwlyh
fodvvhv= d, *4?u|<"+|  >e ,*4?u|<" +| 	 1
Wkurxjk wkh vdph phwkrg dgrswhg lq H{dpsoh 7 dqg xvlqj wkh lqhtxdolw|
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wkh uljkw0kdqg vlgh ri +66,lv juhdwhu wkdq
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surylghg wkdw wkh vhulhv rq wkh uljkw kdqg pdnh vhqvh1 Wkh uvw vhulhv glyhujhv xqghu rxu k|srwkhvlv1
Wkxv/ rxu fodlp zloo eh wuxh surylghg wkdw wkh vhfrqg vhulhv grhv qrw glyhujh wrr1 Rq wkh rwkhu
kdqg/
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zkhuh wkh wklug htxdolw| xvhv +65,/ dqg wkh ghvluhg uhvxow lv suryhq1
Khuh zh revhuyh wkh vxshulpsrvlwlrq ri wzr nlqgv ri exeeohv= wkhuh duh lqqlwho| pdq| htxloleuld
dqg hdfk ri wkhp pljkw lqyroyh d exeeoh zlwk uhvshfw wr vrph vwdwh sulfhv/ dv lw fdq eh vkrzq e|
dsso|lqj wkh dujxphqw ri H{dpsoh 51
59: Frqfoxglqj Uhpdunv
Zkhq ghdolqj zlwk exeeohv/ lw lv xqdyrlgdeoh wr uxq lqwr vrph sdudgr{hv uhodwhg wr wkh hfr0
qrplfv ri lqqlw|<1 Dowkrxjk wkh hfrqrplhv vwxglhg lq wklv sdshu suhyhqw iurp zhoo0nqrzq exeeoh0
surgxflqj idfwruv/ olnh wkh suhvhqfh ri frxqwdeo| pdq| qlwho|0olyhg djhqwv ru khwhurjhqhrxv lq0
qlwho| olyhg djhqwv frxsohg zlwk elqglqj eruurzlqj frqvwudlqwv/ zh kdyh vkrzq wkdw wkhuh lv d
olwwoh urrp iru dgglwlrqdo nlqg ri exeeohv wkdw hfrqrplvwv vkrxog wdnh lqwr dffrxqw/ dovr lq ylhz
ri pruh jhqhudo fodvvhv ri lqwhuwhpsrudo htxloleulxp prghov1 Urxjko| vshdnlqj/ zh kdyh phw wzr
sdudgr{hv ri lqqlw|1 Wkh uvw rqh/ wkh ploghu rqh/ dulvhv zkhq dq lqqlwh qxpehu ri vwdwhv ri
wkh zruog lv revhuydeoh/ dw ohdvw dw vrph wudglqj gdwh1 Wkh wudglwlrqdo uvw rughu frqglwlrq +Hxohu
htxdwlrq,/ ydolg iru d xqlirupo| lqwhulru htxloleulxp/ lv qr orqjhu qhfhvvdulo| wuxh1 Wklv kdv ehhq
glvfxvvhg lq Vhfwlrqv 815 dqg 816 dqg kdv ohg wr wkh frqvwuxfwlrq ri wkh vr0fdoohg exuvwlqj exeeohv
wkdw ylrodwh wkh Hxohu htxdwlrq1 Lw pxvw eh xqghuolqhg wkdw wklv nlqg ri exeeohv lv qrw uhodwhg wr
wkh lqqlwh0wlph krul}rq/ wkh| gr vxuylyh lq qlwh0krul}rq hfrqrplhv +Ndplkljdvkl*v h{dpsoh lv mxvw
shuiruphg iru d wzr0shulrg hfrqrp|,1 Wkh vhfrqg w|sh uhtxluhv d wuxo| lqqlwh hfrqrp| dqg lw kdv
ehhq looxvwudwhg wkurxjk wzr h{dpsohv lq Vxevhfwlrq 9161 Erwk duh frqvwuxfwhg e| phdqv ri Shwhuv0
exuj dvvhwv/ vlqfh wkh| surylgh wkh vlpsohvw iudphzrun wr kdqgoh wuxo| lqqlwh krul}rq hfrqrplhv
zkhuh Ndplkljdvkl vx!flhqw frqglwlrq ri qr0exeeohv pd| idlo1 H{dpsoh 8 lv wkh prvw fodvvlfdo
rqh ehfdxvh wkh vwdwhv ri wkh zruog duh qlwh dw hyhu| wudglqj gdwh1 Wkh sdudgr{ ri lqqlw| khuh
lv uhodwhg wr wkh douhdg| flwhg sulqflsoh wkdw dq lqqlwho| olyhg djhqw pljkw jdlq e| shupdqhqwo|
uhgxflqj wkh dvvhw kroglqj/ zkhqhyhu d exeeoh rffxuuhg1 Wklv uxoh pljkw eh qr orqjhu wuxh/ iru
lqvwdqfh/ li wkh djhqw kdv lqfuhdvlqj uhodwlyh ulvn0dyhuvlrq wkurxjk wlph431
Wkh vwduwlqj srlqw ri wkh suhvhqw sdshu kdv ehhq wkh irupxodwlrq ri wkh vx!flhqw frqglwlrq +47,
wkdw uxohv rxw exeeohv1 Wkhruhp 5 lv gluhfwo| lqvsluhg e| Ndplkljdvkl ^<`/ zkrvh surri/ lq wxuq/
gudzv rq phwkrgv dgrswhg e| Hnhodqg dqg Vfkhlqnpdq ^8` lq hvwdeolvklqj qhfhvvdu| frqglwlrqv ri
wudqvyhuvdolw| dw lqqlw| iru qrq0vwrfkdvwlf prghov ri lqwhuwhpsrudo rswlpl}dwlrq1 D fduhixo vwxg|
ri +47, kdv ohdg xv wr irupxodwh d jhqhulf uhvxow ri qrqh{lvwhqfh ri exeeohv dv zhoo dv wr vlqjoh
rxw wkh udwkhu lpsruwdqw fodvv ri suhihuhqfhv h{klelwlqj erxqghg uhodwlyh ulvn0dyhuvlrq iru zklfk
exeeohv qhyhu dulvh1 Erwk uhvxowv vhhp qryho dqg vkrxog foduli| wr zkdw h{whqw exeeohv pd| dsshdu
rqo| xqghu yhu| vshfldo flufxpvwdqfhv1 Dfwxdoo|/ d ghhshu dqdo|vlv ri +47, kdv rshqhg wkh urxwh
ohdglqj wr wkh fodvvlfdwlrq/ dv zhoo dv wr wkh frqvwuxfwlrq ri h{dpsohv/ ri hfrqrplhv zlwk srvlwlyh
exeeohv1
Rqh frxog dvn zkhwkhu wkh whfkqltxh xvhg lq wkh surri ri Wkhruhp 5 fdq eh vxffhvvixoo| dgrswhg
lq hfrqrplhv zlwk khwhurjhqhrxv lqqlwho| olyhg djhqwv dv zhoo1 Vlqfh wkh prvw srsxodu h{dpsoh ri
dq hfrqrp| zlwk exeeohv idoov lq wklv fdwhjru|/ wkh txhvwlrq vhhpv wr eh lpsruwdqw hqrxjk1 Zh
kdyh lq plqg Ehzoh|*v ^4` frqvxpswlrq vprrwklqj h{dpsoh zlwk ydoxhg dw prqh| +vhh ^44` dqg/
pruh h{whqvlyho|/ ^49`,1 Lq vxfk d vhwwlqj/ lv qrw dozd|v srvvleoh wr xqlirupo| shuwxue grzqzdug wkh
htxloleulxp wudglqj sodq/ dv lw lv qrw qhfhvvdulo| lqwhulru wr wkh ihdvleoh uhjlrq1 Lq d frpsdqlrq sdshu
+vhh ^47`,/ zh vkrz wkdw wkh ruljlqdo whfkqltxh fdq eh prglhg wr rewdlq dq lqwhuhvwlqj frqglwlrq ri
wudqvyhuvdolw| dw lqqlw| iru wkh vwrfkdvwlf prgho/ vlplodu wr wkdw hvwdeolvkhg e| Nrfkhuodnrwd ^44`
lq wkh ghwhuplqlvwlf vhwwlqj1 Rqfh djdlq/ wkh dvvxpswlrq ri erxqghg uhodwlyh ulvn0dyhuvlrq sod|v d
fhqwudo uroh1
Vhfwlrq 9 dffrxqwv sduwldoo| iru wkh wkhru| ghyhorshg e| Vdqwrv dqg Zrrgirug ^49` zkr lqwur0
<Wkh lqwxlwlrq ehklqg wklv fdq eh hdvlo| xqghuvwrrg lq ^4<‘1
43Qrwh wkdw wkh irfxv rq ulvn0dyhuvlrq lq rxu prgho kdv d uhvshfwdeoh dqwhfhghqw lq Oxfdv* sdshu/ zkhuh wkh uhodwlrq
ehwzhhq dvvhw sulfhv hodvwlflw| dqg uhodwlyh ulvn dyhuvlrq lv srlqwhg rxw1
5:gxfhg dq dgglwlrqdo nlqg ri exeeohv dulvlqj iurp srvvleoh glhuhqw ydoxdwlrqv ri wkh suhvhqw ydoxh
ri ixwxuh vwuhdpv ri zhdowk e| phdqv ri vwdwh sulfhv1 Wkhlu Wkhruhp 614 rq qrq0h{lvwhqfh ri xq0
dpeljxrxv exeeohv pxvw ghqlwho| eh uhjdughg dv rqh ri pdlq frqwulexwlrqv rq exeeohv iudjlolw|1
Ri frxuvh/ rxu uhvxowv khuh duh krshohvv idu pruh olplwhg/ rzlqj wr wkh jhqhudo vhwwlqj zh kdyh
fkrvhq wr zrun zlwklq1 Wkh urrwv ri rxu wuhdwphqw uhvw xsrq wkh dv|pswrwlf ehkdylru ri vhulhv +5<,
zklfk lv/ lq wxuq/ forvho| uhodwhg wr wkh h{foxvlrq ri Srq}l vfkhphv1 Dv idu dv zh nqrz/ vxfk dq
dssurdfk vhhpv qryho dqg wkh xqltxh uhihuhqfh vhhpv wr eh d sdshu e| Vhwkl ^4;`/ zkrvh dqdo|vlv/
krzhyhu/ lv udwkhu orrvho| uhodwhg wr rxuv1 Wklv vhulhv kdsshqv wr h{klelw d vwurqj uhodwlrqvkls zlwk
wkh h{foxvlrq ri ydoxdwlrq exeeohv1 Iru lqvwdqfh/ zh kdyh irxqg d forvh olqn zlwk rxu dvvxpswlrq ri
glvfrxqwlqj D16/ zklfk wxuqv rxw wr eh d jhqhudol}dwlrq ri wkrvh irupxodwhg e| Pdjloo dqg Txlq}ll
^46` dqg Vdqwrv dqg Zrrgirug ^49`/ zlwklq rxu vhwwlqj1 Ixuwkhupruh/ lq Vxevhfwlrq 914 zh eulh |
vnhwfkhg dq lghd iru d srvvleoh dssurdfk lq uxolqj rxw exeeohv e| phdqv ri qhfhvvdu| frqglwlrqv ri
rswlpd iru d ghwhuplqlvwlf hfrqrp|1 Wkh h{whqvlrq wr wkh vwrfkdvwlf vhwwlqj kdv suryhq wr eh wrxjk
hqrxjk/ dv Wkhruhp 9 uhtxluhv vwurqj dvvxpswlrqv iru d uhodwlyho| zhdn uhvxow1 Krzhyhu/ zh eholhyh
wkdw lpsuryhphqwv lq wklv gluhfwlrq duh srvvleoh1 Iru lqvwdqfh/ lw zrxog eh zruwk wr lqyhvwljdwlqj
ixuwkhu zkhwkhu vrph txdolfdwlrqv h{lvw vxfk wkdw srlqwzlvh glyhujhqfh ri vhulhv +5<, lv vx!flhqw
wr uxoh rxw exeeohv1
;S u r r i v
Sursrvlwlrq 4 uhtxluhv wzr suholplqdu| ohppdv1 Ohppd 4 lv hvwdeolvkhg zlwkrxw surri dv ehlqj
udwkhu idploldu lq frqvwuxfwlqj Hxohu htxdwlrqv/ suhvfulelqj vkruw0uxq frqglwlrqv iru rswlpdolw|1
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